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ABSTRACT. We consider the bias-correction problem in semi-supervised clas-
sification. Under certain situations where the labeled data are collected by 
biased sampling rather than random sampling, large margin algorithms are 
no longer consistent due to an inherent bias. Fortunately, with the unlabeled 
data we show that some bias-correction techniques can automatically correct 
the bias for large margin classifiers. 

1. Introduction 

In semi-supervised learning we have both labeled and unlabeled data. For ex-
ample, in the text documents classification problem enormous amount of unlabeled 
documents are cheaply obtained; then some unlabeled documents are chosen and 
labeled by human experts as the training data for a supervised classifier. Labeling 
a document is time consuming and costly, thus the size of the labeled documents 
set is limited. In this kind of scenario, it is natural to ask whether the huge amount 
of unlabeled documents can help the classification. Seeger [12] and Zhu [20] gave a 
good literature review on this labeled-unlabeled data problem. Many positive re-
sults on the use of unlabeled data have been reported in the literature. For example, 
Nigam and McCallum [10] combined the Expectation-Maximization algorithm and 
a naive Bayes classifier for learning from both labeled and unlabeled documents 
in text classifications. They claimed that the use of unlabeled data reduced the 
classification error by up to 30%. Another popular algorithm is the transductive 
support vector machines [4]. However, the justification for combining labeled and 
unlabeled data is still unclear. Zhang and Oles [17] pointed out that the transduc-
tive SVM is unreliable since it may maximize the wrong margin. The wrong margin 
arguments can be viewed as a kind of modeling bias, i.e., the modeling assumption 
on the labeled data does not well match the model underlying the unlabeled data. 
To make this modeling bias argument more precise, Cozman et al. [2] showed that 
in semi-supervised learning of mixture models the unlabeled data can lead to an 
increase in classification error if the model assumptions are not exactly satisfied. 

We study the use of unlabeled data in another biased situation where the 
labeled data are collected by biased sampling rather than random sampling. Biased 
sampling often occurs when it is hard to control the design of the experiments. 
Consider the document classification problem. Short documents are more likely 
to be labeled by the human experts than long documents. In medical studies, 
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some factors may affect patient's willingness to participate. When biased sampling 
occurs, supervised learning algorithms will produce inconsistent classifiers due to an 
inherent bias caused by biased sampling. Biased sampling is a more severe problem 
than the modeling bias aforementioned. Modeling bias could usually be eliminated 
by enlarging the model space or by replacing the strong parametric assumption 
with nonparametric models. However, biased sampling can not be fixed unless 
the modeler has prior information of the biased sampling procedure. Fortunately, 
in semi-supervised learning problems we have a huge amount of unlabeled data 
which contain rich information of the marginal distribution of the features. By 
taking advantage of the marginal information, we can use the unlabeled data in the 
supervised algorithms to correct the classification bias. 

In the next section, we first highlight the important role of the random sam-
pling assumption for the consistency of supervised classifiers. We then show the 
inconsistency caused by biased sampling. Section 3 describes some bias-correction 
techniques. In Section 4, we illustrate the proposed bias-correction methods by 
simulation. Section 5 contains a few concluding remarks. 

2. The problem of biased sampling 

2.1. Consistency and random sampling. Let p(y, X) be a probability 
measure and 8(X) = log (;(~~=!if))). Suppose p(y, X) is the distribution gen-
erating future data in the classification problem, then Sign(8(X)) is the Bayes 
rule. The classification error of a classifier f is, under the 0-1 loss, 

(2.1) Rt = J I(y -1- Sign(f(X)))dp(y,X). 

The classification error of Sign(b"(X)) is denoted as RBayes· A learning algorithm 
produces a classifier fn based on training data (y;, X;), i = 1, 2, ... , n. fn is said to 
be Bayes consistent if Rfn ---+ RBayes in probability as n---+ oo. 

Typically we assume that the training data (y;, X;) are independent and iden-
tically distributed (i.i.d.) samples from p(y,X), which is referred to as random 
sampling in the literature. Although it is often assumed to be true without much 
care, the random sampling assumption is crucial for the consistency of fn· To better 
illustrate the point, we discuss the consistency of popular large margin classifiers. 
These classifiers are derived from a unified criterion 

, 1 n 
fn(X) = argmin- L </>(y;, f(X;)) + AnJ(f). 

f n i=l 
(2.2) 

Usually¢ is a convex surrogate for the 0-1loss such that solving fn(X) is a compu-
tationally tractable problem. If the regularization term J(f) = llfll~k, where Hk 
is a reproducing kernel Hilbert space (RKHS) with reproducing kernel K [16], then 
(2.2) is a kernel machine. For example, the support vector machine (SVM) uses 
the hinge loss and a reproducing kernel. Boosting minimizes the empirical ¢ risk 
using a different regularization method [3, 7]. The exact form of regularization is 
not crucial in our arguments. In fact the loss function is the key in the consistency 
argument [1]. We need the following definition to study the limiting functional of 
Jn(X). 
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DEFINITION 2.1. Consider the infinity-sample ¢risk E[¢(y, f(X))] where the 
expectation is taken with respect to some probability measure p(y, X). Let the 
population minimizer of ¢ risk be 

(2.3) foo(X) = arg minE[¢(y, f(X))]. 
f 

[1] suggests that we should consider a convex loss function which produces 
foo(X) such that Sign(j00 (X)) = Sign(o(X)). Such a loss function is said to be 
classification-calibrated. For example, the hinge loss is classification-calibrated, so 
are the exponential loss and the logit loss. 

It is now well known [13,18] that under the random sampling assumption, 
the classification-calibrated condition is sufficient for the consistency of fn(X). 
The above arguments can be understood as follows. As n --. oo, the empirical 
¢risk converges to Err[¢(y, f(X))], where the expectation is taken with respect to 
the distribution of training data. The random sampling assumption implies that 
Err[¢(y, f(X))] is the infinity-sample¢ risk E[¢(y, f(X))]. Thus foo(X) is the tar-
get function that fn(X) tries to estimate. By assuming other technical conditions 
(such as An vanishes at the right rate and Hk is rich) one could have Rfn --> Rtoo. 
Moreover, Sign(f00 ) is the Bayes rule as implied by the classification-calibrated 
condition, thus fn(X) is Bayes consistent. 

2.2. The classification bias under biased-sampling. As shown in the 
previous subsection, random sampling decides the target function of fn and the 
classification-calibrated condition ensures the target function approximates the 
Bayes rule. However, the random sampling assumption is not necessarily true in 
many situations. 

2.2.1. Retrospective sampling. Let us first consider a simple biased sampling 
scenario which is called the retrospective sampling in statistics [8]. It is easy to 
highlight the problems caused by biased sampling in this simple case. 

Let n+ and n_ be the sample sizes of classes { 1} and { -1}, respectively. Often 
n: and n; are set by the experimenter and are not random variables faithfully 
representing p(y = 1) and p(y = -1). Suppose class { -1} indicates some disease 
and class { 1} means healthy. Features X are the medical measurements of each 
person. Since the disease is a rare event, random sampling is inefficient for gathering 
data to study the relation between the disease and X. A much more efficient 
retrospective sampling is often conducted in which all patients are included with 
a similar sized sample of healthy people. More generally, let us assume that a 
number of samples are randomly drawn from each class, while the weight of class 
{1} corresponds a chosen prior 1fc. 1fc is not necessarily the true prior p(y = 1), 
thus the random sampling assumption could be violated. 

Let Pc(Y, X) be the distribution of the collected training samples. Given the 
label y, features X follow the true conditional distribution p(XIy). Then Pc(y, X) 
is given by 

(2.4) Pc(Y = 1, X)= p(Xiy = 1)rrc and Pc(Y = -1, X)= p(Xiy = -1)(1-rrc)· 

Thus we can define 

(2.5) oc(X) =log ( Pc(Y = 1IX) ) =log ( p(Xiy = 1)rrc ) . 
Pc(Y = -1IX) p(Xiy = -1)(1- rrc) 
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Now suppose we still use the same algorithm in subsection 2.1 to build in· Note 
that Pc(Y, X) is the distribution of the training data, thus as n -+ oo the limit of 
empirical ¢ risk becomes 

(2.6) J ¢(y, f(X))dpc(Y, X). 

¢ is classification-calibrated, so the sign of the minimizer of (2.6) is equal to 
Sign(Dc(X)). Hence in approximates Sign(8c(X)). However, the true distribu-
tion is p(y,X) and the Bayes rule is Sign(8(X)), which implies that in approaches 
the wrong target function. Moreover, we see 8(X) =log (vcll~~~7)?r-1r)) and 

(2.7) 8 (X)- 8(X) = 1 (1rc(1 -1r)) 
c og 7r(1-7rc) . 

Dc(X) - 8(X) is the bias due to the biased sampling. 
2.2.2. Other biased sampling schemes. We now consider more complex label 

sampling processes. Assume that both labeled and unlabeled data are i.i.d. draws 
from a joint distribution on (X, Y, s), where s = 1 means that the sample is labeled 
and s = 0 means the sample is unlabeled. For the labeled data, their distribution 
is Pc(Y, X) = p(y, Xis = 1). We are particularly interested in the case where 
p(siy, X) depends on the (potentially unobserved) response y, which is similar to 
the nonignorable nonresponse situation in the missing data literature [6]. 

Any consistent classifier built on the labeled data will consistently estimate the 
Bayes rule under Pc(Y, X). Denote the likelihood ratio function by 

(2.8) 

Then we have 

(2.9) 

LR(y, X)= p(y, XIS= 1). 
p(y,X) 

( LR(y = 1, X) ) _ . 
Dc(X)- 8(X) =log LR(y = _ 1, X) = B1as(X). 

The biased sampling happens whenever Bias( X) defined in (2.9) is a non-zero func-
tion of X. The consequence is that R.sc(X) > R.s(x) = RBayes, thus under biased 
sampling, in is asymptotically sub-optimal. 

It is important to note that the bias exists for all algorithm being consistent 
under random sampling. Thus it is desirable to have a general bias-correction 
technique that works for all the large margin classifiers. 

3. Automatic Bias-Correction Methods 

In this section we show that the bias can be estimated and eliminated if one 
uses the unlabeled data appropriately. In this sense the unlabeled data are always 
helpful in semi-supervised settings. 

3.1. Inferring the bias. Suppose we have n labeled data and m unlabeled 
data. In semi-supervised setting m » n. Thus the unlabeled data provide rich 
information about the marginal distribution of X which is useful for inferring the 
sampling bias in the labeled data. 

To motivate, let us first consider the simple yet important retrospective sam-
pling case and present the bias estimation technique. In retrospective sampling, it 
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suffices to estimate 1r to infer the bias. We show a method for constructing some fr 
using the unlabeled data such that 
(3.1) fr ---t 1r in probability as n ---too . 

Our method is based on arguments from a method of moments. We evaluate the 
expectation of a function g(X): Ep[g] = J g(X)p(X)dX. By Bayes theorem 

(3.2) p(X) = p(XJy = 1)11" + p(XJy = -1)(1- 1r), 
so we have 

(3.3) 

Hence if Ep(XIy=1) [g] -# Ep(XIy=-1) [g], we have the identity 

(3.4) 7r = Ep[g] - Ep(XIy=-1) [g] . 
Ep(XIy=1) [g] - Ep(XIy=-1) [g] 

Using the empirical distribution (or the sample moments), the unlabeled data 
give a consistent estimate for Ep[g]. Similarly, Ep(XIy=1) [g] and Ep(XIy=-1) [g] can 
be consistently estimated by the labeled data. Therefore, a simple consistent esti-
mate for 1r is given by 

(3.5) fr = Ep[g]- Ep(XIy=-1)[9] 

Ep(XIy=1) [g] - Ep(XIy=-1) [g] 
Note that we do not use g = 1 in (3.5) to avoid a zero denominator. The derived 
estimate for 1r is fully non-parametric, requiring no assumption on p(X) or p(XJy). 
Estimating 1r of a mixture normal by equations like (3.4) is not new in statistics, e.g. 
see [9,14]. We show in this work that the method of moments can be generalized 
to estimate more complicated biased sampling schemes. 

For more general label sampling distributions we need to estimate the bias 
given in (2.9). Note that 

(3.6) LR(y X)= p(y, XJs = 1) = p(y, X, s = 1) = p(s = 1Jy, X) 
' p(y, X) p(s = 1)p(y, X) p(s = 1) · 

Thus (3.6) says that 

(3.7) Bias( X) =log ( p(s = 1Jy = 1' X) ) . 
,p(s = 1Jy = -l,X) 

If we have a consistent estimate of p(s = ljy, X), then we can estimate the bias con-
sistently. Let r(X) = e8 ias(X). In retrospective sampling, r(X) can be consistently 
estimated by n+~=-;*). It is worth pointing out that if p(sJY,X) is independent 
of y, then the bias becomes zero. That is why we only consider the nonignorable 
nonresponse situation in this work. 

The moment-based inversion method can still be applied to estimate p(s = 
lJy, X) if p(s = lJy, X) = lo(y, X) as a function of(), as discussed in [11]. Let () be 
a k vector. We suggest the following method to estimate() 

(1) Select k different real-valued functions g1(X), ... ,gk(X), and set the equa-
tion for each of 91, ... , 9k 

n 9j(Xi) m+n 
t;zo(Yi,Xi) = ~gj(xv) j=l, ... ,k 
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(2) solve the resulting k equations to get an estimate of B. 

Then we estimate r(X) by f(X) = ~!~~~~)). 
The key in the moment-based inversion method is to observe that we can evalu-

ate the expectation of g(X) using the unlabeled data. We can justify the consistency 
of iJ as follows. For simplicity we assume k = 1. From the moment equation we get 

(3.8) {) _ () = ~ I::'=~n g(Xv) - ~ 2::7=1 g(Xi)l01 (yi, Xi) 
..!_ "'': (X)(L l(y;,X;).-le l(y,,X,))) 
n U>=1 g ' 0-IJ 

Note that 

(3.9) ~I: g(X·) = m+n_l_I: g(X) ~ E[g(X)] 
n . 1 n n + m . 1 p(s = 1) 

J=1 J=l 

(3.10) ~ ~ g(Xi) ~ E x g(X)p(s = 1) _ E[g(X)] 
n {:-t lo(Yi,Xi) Pc(Y, )[p(s = l)lo(y,X)]- p(s = 1) · 

Under some regularity conditions, the denominator in (3.8) is approximately 

(3.11) 
8l01(y, X) io(y, X) 1 

EPc(y,X)[g(X) 8() ]=-E[g(X)lo(y,X)]p(s=l)' 

. 81 -1(yX) • 
where lo(y, X) = 9 89 ' . So we see ()is consistent as long as (3.11) is not zero. 

It is good to require E[::i~:~\ IX] =1- 0. Otherwise, for any function g(X) we must 
have 

(3.12) E[g(X) io(y, X)] = E[g(X)E[io(y, X) IX]] = E[g(X)O] = 0. 
lo(y, X) lo(y, X) 

Using g(X) = 1 seems to be a convenient choice. There are many other con-
siderations in choosing a good g functions. On the other hand, small improvement 
in the estimation of () ( 1r) may not lead to significant changes in the bias-corrected 
classifiers, as shown in our experiments. In that sense it suffices to find a good 
consistent estimate of () ( 1r). 

Finally, it should be pointed out that our method directly focuses on lo(y, X) 
without modeling p(yiX). This is a significant advantage over the modeling ap-
proach, especially when p(yiX) involves a lot of parameters. For example, suppose 
p(yiX) = Pe(YIX) where X and ~ are both 50-dimension vectors, meanwhile () 
is a scalar. Jointly modeling of (B,~) will seek an estimator in a 51-dimension 
space, which is a much more difficult problem than estimating () alone. Moreover, 
if p(yiX) = Pe(YIX) is not the correct model, then jointly estimating (~,B) could 
result in an inconsistent estimate of (). 

3.2. Estimation-calibrated classifiers. For many ¢ loss functions, not only 
the resulting classifier Sign(f00 (X)) agrees with the Bayes rule, but also foo(X) 
itself is related to p(y = liX) via a deterministic function. We give a formal 
definition to this phenomenon. 

DEFINITION 3.1. A loss function¢ is said to be estimation-calibrated with'¢, if 
p(y = liX) = '¢(/00 (X)) for some continuous nondecreasing function'¢: JR; ~ [0, 1] 
such that '¢(0) = ~ and '¢(a)< ~ V a< 0, '¢(a)>~ V a> 0. 
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The next theorem describes a family of estimation-calibrated losses and gives 
the explicit expression of 1/J for a given ¢. 

THEOREM 3.2. Let¢ be a margin-based loss function, i.e.,¢(y, J(X)) = ¢(yf(X)). 
Suppose ¢ is strictly convex and ¢' is continuous, then ¢ is estimation-calibrated if 
and only if ¢'(0) < 0. 

PROOF. For the necessary condition, note that any estimation-calibrated ¢ 
must be classification-calibrated, then the convexity of ¢ requires ¢' (0) < 0 by 
Theorem 6 in [1]. 

Sufficient condition. Let a* = inf{a: ¢'(a) = 0}, if it is an empty set, a* = oo. 
¢'(0) < 0 implies a* > 0. Fix a X, foo(X) minimizes 

g(a) = p(y = 1IX)¢(a) + p(y = 1IX)¢( -a). 
Differentiating g, we have 

p(y = 1IX)¢'(Joo(X)) = p(y = -1IX)¢'(-!oo(X)), 

thus f 00 (X) E (-a*, a*) if 0 < p(y = 1IX) < 1. We show ¢;~~')) is increasing in 
(-a*,a*). Let a1 > a2, then ¢'(-a1) < ¢'(-a2) and ¢'(a1) > ¢'(a2). Note that 
¢(a)< 0 'Va E (-a*,a*), so <P~~(a:)> > <P~i~~)>. Define 1/J as follows: 

(3.13) • 1•( ) ¢'(-a) a E (-a*, a*). 
'~' a = ¢'(-a)+ ¢'(a)' 

If a*< oo, then let 'I/;( a)= 1 'Va ~a*; 'I/;( a)= 0 'Va :5 -a*. 1/J is the desired function 
in definition 2. Thus ¢ is estimation-calibrated. D 

To illustrate theorem 3.2, let us consider kernel logistic regression where we 
take ¢(t) = log(1 + e-t). ¢'(t) = - 1.;e1 • Thus from the proof of theorem 3.2 we 
see a* = oo and 

(3.14) A X = ¢'(-Jn(X)) = 1 
1/J(Jn( )) ¢1(-Jn(X))+r/J'cJn(X)) 1+e-j .. (x)· 

Once we obtain a consistent estimate of the bias, we can use the following 
method to do the bias correction. 

LEMMA 3.3. Suppose ¢ is estimation-calibrated with 1/J and assume the technical 
conditions in subsection 2.1. Then Sign ( 1/J(Jn (X)) - 1 ~Wl)) is Bayes consistent. 

PROOF. Under the technical conditions we know fn(X) converges to the pop-
ulation minimizer of¢ risk under the distribution Pc(y,X) [13,18]. Thus, by the 
continuity of 1/J we have 1/JcJn(X)) ~ Pc(Y = 1IX). Or log c~~j~~~))) ~ <>c(X). 

From f(X) ~ Bias we see log ( ..p(jn.(X)) ) - f(X) ~ 8(X). Then note that 
1-1/J(fn(X}} 

Sign (log c~~~~~~)))- f{X)) =Sign (wcJn(X))- 1 ~~11>)· D 

3.3. Weighted loss. It is easy to see that any estimation-calibrated loss must 
be classification-calibrated, but the reverse is not always true. For example, the 
hinge loss population minimizer is exactly the Bayes rule, providing no information 
about p(y = 1IX). This is actually regarded as a major drawback of SVMs [3,19]. 
Even if ¢ is not estimation-calibrated, the consistency can be ensured by a weighted 
loss technique, as long as ¢ is classification-calibrated. 
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Define Wy,X = p(:,~'(;21). Then we have the following identity 

(3.15) EPc(y,X)[¢(y,X)wy,X] = Ep(y,X)[¢(y,X)J. 

The above identity comes from the importance sampling idea. 
If we knew the weights, we could consider the weighted ¢ loss 

1 n 
(3.16) - L wy,,x,¢ (yi, fi). 

n i=l 

Then combining the law of large numbers and (3.15) yields 
1 n 

(3.17) lim:;;: L wy,,x,¢ (yi,fi) = Ep(y,x)[¢(y, X)]. 
i=l 

Therefore, the minimizer of the weighted ¢ loss will try to estimate f 00 , the right 
target function. 

The weights are unknown in the semi-supervised problem. We use the plug-
in principle to replace the weights with their consistent estimates to construct 
the weighted loss. For example, in the retrospective sampling case, consistent 
estimates can be w 1 x = nil- and w_l x = n(l-ii-), where n+ and n_ denote the 

' n+ ' n_ 
number of labeled data in class { 1} and { -1}, respectively. In general, note that 
Wy,X = p(:~ 817:?x). An obvious consistent estimate of p( s = 1) is n~m. If we assume 
p(s = 1jy, X)= lo(y, X), then() can be estimated by the method in section 3.1, so 
we estimate the importance sampling weights by wy,,X, = 19 (~,). A bias-corrected 
classifier is then obtained by minimizing the weighted ¢loss 

J;:(X) = argmjn{~ t wy,,x,¢ (yi, /i) + >-nJ(f)}. 
i=l 

(3.18) 

When the classifier is constructed via penalized likelihood method, such as 
penalized logistic regression, the weighted loss becomes weighted likelihood. In fact, 
the weighted loss technique has its root in statistical theory. Vardi [15] considered 
the non-parametric maximum likelihood estimate of some CDF F on the basis of 
samples from weighted version ofF, with a known weight function. Vardi's method 
replaces the usual non-parametric maximum likelihood criterion with its weighted 
version. Lin et al. [5] proposed a similar technique for SVMs under nonstandard 
situations. In their work the weights are known constants. Our work has three 
additional contributions: (1) it works for all classification-calibrated loss functions, 
not limited to the hinge loss of the SVM; (2) the weights are adaptively estimated 
by using the unlabeled data; and (3) the weights can be feature-dependent. 

4. Experiments 

In this section we use simulation to demonstrate the efficacy of the proposed 
bias-correction techniques. 

Model 1. Following the mixture model setup in [3], we designed p(Xjy = 
1) and p(Xjy = -1) as a mixture of 10 Gaussians such that the Bayes decision 
boundary is nonlinear. We set p(y = 1) = 0.75 and simulated 5000 unlabeled data 
(X) from p(X) = 0.75 · p(Xjy = 1) + 0.25 · p(Xjy = -1). We generated 100 labeled 
data (y, X) points from each class. The SVM and kernel logistic regression (KLR) 
[19] classifiers were fitted on the labeled data. We used the 5000 unlabeled data to 
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TABLE 1. Model 1: estimate of 1r. 

9(X) it MSE(it) 
X1- X2 0.762 0.003 

TABLE 2. Modell: error rates of KLR and SVM before and after 
bias-correction. 

KLR WKLR KLR-EC SVM WSVM 
0.200 0.154 0.150 0.202 0.148 
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help us estimate 1r. Based on the discussion in section 3.1 we used 9(X) = x1- x2 
to estimate 1r, and the estimated it was used in the weighted SVM (WSVM) and 
weighted KLR (WKLR). For each classifier, its test error rate was calculated by 
the true model p(y, X). The above process was repeated 100 times. 

Table 1 shows that the moment estimator is accurate. From Table 2, we see 
that the SVM and KLR based on the biased data have errors around 0.20. However, 
bias-correction reduces the misclassification errors of KLR and the SVM to 0.15. 
Moreover, the KLR using the estimation-calibrated bias-correction formula (KLR-
EC) performs similarly to the weighted KLR. 

Model 2. In the second example we considered a biased sampling scheme 
which depends on the response y as well as features X. Like in model 1, we 
designed p(XIy = 1) and p(XIy = -1) as a mixture of 10 Gaussians and we let 
p(y = 1) = 0.5 such that this model is exactly identical to the one used in (3] (Chap 
2). Let us first generate 5000 data (y, X) from p(y, X) described in modell. Then 
we kept y based on probability 

p(s = lly,X) = _l_e-O(\xd+\x21) 
2+y 

with (} = 2. We ended up with about 155 labeled data. Before bias-correction, the 
SVM and KLR perform very poorly with error rates 0.41 and 0.45, respectively. 
Note that with 160 random samples from p(y, X) the error rates of KLR and the 
SVM are 0.31. We tried three functions, 91(X) = 1, 92(X) = jx1 \!\x2 \ and 93(X) = 
lx1l + lx2l, to estimate(} and then applied the bias-correction methods on KLR and 
the SVM. The simulation was repeated 100 times. 

As can be seen from Table 3, 91 and 92 give very similar estimates and their 
estimators have smaller mean squared errors than the estimator by 93· But these 
three estimators give almost identical bias-correction results. This observation sug-
gests that as long as we could obtain a reasonably good estimator of(}, the choice of 
9 function is not critical for the performance of the bias-corrected classifier. With 
estimated weights, the bias-correction techniques reduce the error rates of KLR and 
the SVM to about 0.34. 

5. Discussion 

We have emphasized the importance of the sampling scheme, which is often 
considered nuisance in machine learning. One should be cautious when the sampling 
distribution is not the target distribution of learning. The biased sampling problem 
has been discussed in statistics for a long time. The existing work mainly focuses 
on the bias correction method for the traditional discriminative methods such as 
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TABLE 3. Model2: estimates of() and error rates of KLR and the 
SVM after bias-correction. Before bias-correction, the error rates 
of KLR and the SVM are 0.45 and 0.42. 

g(X) () MSE(()) WKLR KLR-EC WSVM 
1 2.278 0.124 0.349 0.338 0.339 1 2.280 0.134 0.349 0.338 0.338 lx1l+lx2l 
lx1l + lx2l 2.325 0.178 0.349 0.338 0.340 

logistic regression and Fisher's LDA, see [8,9] and references therein. Their methods 
require strong assumptions on p(yiX) but modern margin-based classifiers are fully 
non parametric. So it is not clear if their methods could work well with large margin 
classifiers. We have considered a new approach based on the method of moments 
to take advantage of the enormous amount of unlabeled data to estimate the bias 
caused by biased sampling. We have also considered two bias-correction techniques 
for the large margin classifiers. Numerical experiments are very encouraging. 

It should be pointed out that choosing the right g functions is the key to in the 
moment-based inversion approach, especially when the dimension of () increases. 
Qualitatively, we would like to use the g functions yielding moment functions that 
have a unique, stable and robust solution. However, this is the problem for many 
inverse problems and it is very difficult to give concrete instructions for selecting 
the good g functions in general. 

In this paper we have assumed that the biased sampling scheme follows a para-
metric model and used the moment-based inversion method to estimate the un-
known parameter. 'fhe moment-based inversion idea can also be effectively used 
in the nonparametric models. We could construct a cost function based on the 
moment equations like those in Section 3 and then employ the kernel methods or 
boosting algorithms to find a regularized minimizer of the cost function. This is an 
interesting direction deserving further exploration. 
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