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Abstract

We consider estimation of the regression function in a semiparametric binary regression
model defined through an appropriate link function (with emphasis on the logistic link) using
likelihood-ratio based inversion. The dichotomous response variable A is influenced by a set of
covariates that can be partitioned as (X, Z) where Z (real valued) is the covariate of primary
interest and X (vector valued) denotes a set of control variables. For any fixed X, the conditional
probability of the event of interest (A = 1) is assumed to be a non-decreasing function of Z.
The effect of the control variables is captured by a regression parameter 3. We show that the
baseline conditional probability function (corresponding to X = 0) can be estimated by isotonic
regression procedures and develop a likelihood ratio based method for constructing asymptotic
confidence intervals for the conditional probability function (the regression function) that avoids
the need to estimate nuisance parameters. Interestingly enough, the calibration of the likelihood
ratio based confidence sets for the regression function no longer involves the usual x? quantiles,
but those of the distribution of a new random variable that can be characterized as a functional
of convex minorants of Brownian motion with quadratic drift. Confidence sets for the regression
parameter 3 can however be constructed using asymptotically x? likelihood ratio statistics. The
finite sample performance of the methods are assessed via a simulation study.

Keywords: convex minorants, likelihood ratio statistic, school attendance, semiparametric
binary regression.

1 INTRODUCTION

Binary regression models are used frequently to model the effects of covariates on dichotomous
outcome variables. A general formulation of parametric binary regression models runs as follows.
If A is the indicator of the outcome and X is a set of (d-dimensional) covariates believed to influence
the outcome, one can write §(u(X)) = 87 X, where the regression function u(X) = P(A =1 |
X) and g is a smooth monotone increasing function from (0,1) to (—oo,00) and is called the
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“link function”. Such models are very well-studied in the statistical literature (see, for example,
McCullagh and Nelder (1989)) from both computational and theoretical angles. Some commonly
used link functions are the logit (logistic regression), the probit and the complementary log-log link.
In this paper, our interest is in situations where in addition to X, we have an additional (real—
valued) covariate Z whose effect on the outcome variable is known qualitatively. More specifically,
larger values of Z tend to make the outcome (A = 1) more likely. The effect of Z in the model can
be incorporated as follows. Write,

J(u(X,2)) = T X +¢(Z) (1 increasing). (1.1)

Note that (a) u(X, Z), the conditional probability of the outcome, is increasing in Z for fixed X
and (b) the nonparametric component affects the conditional probability of an outcome additively
on the scale of the link function.! Models of this kind are useful in a variety of settings and are
therefore of considerable interest. See, for example, Dunson (2003) and Dunson and Neelon (2003)
where nonparametric estimation of ¢ as in (1.1) above is done in a Bayesian framework; for more
general treatments, where the conditional mean of the outcome variable is monotone in one of
the regressors, see Manski and Tamer (2002) and Magnac and Maurin (2007). See also, related
work by Manski (1988) and Magnac and Maurin (2004), and some earlier work by the first author
(Ghosh, Banerjee and Biswas (2004, 2008)) on monotone binary regression models considered in a
fully nonparametric setting.

This paper treats a semiparametric binary regression model of the type described in (1.1),
from the angle of likelihood inference, based on ii.d. observations {A;, X;, Z;}; from the
distribution of (A, X, Z). Our inference strategies are based on the maximization of the underlying
likelihood function (to be described in Section 2). More specifically, we focus on testing the
hypotheses: (a) Hy : 3 = 3y and (b) Hy : ¥(zp) = 6 for some fixed point z, using the likelihood
ratio statistic (henceforth LRS).

The key contributions of our approach are two—fold. The first is the break from the more
conventional smoothness assumptions on the nonparametric component ; indeed, our smoothness
assumptions are minimal as we only require the function to be continuously differentiable. Rather,
we impose a shape constraint on ¢ that is dictated by background knowledge about the effect of Z
on the outcome. One major advantage of this approach stems from the fact that shape constraints
automatically ”regularize” the estimation problem in the sense that the underlying likelihood
function can be meaningfully maximized without penalization or kernel smoothing. Thus, this
procedure avoids the well-known problems of choosing a penalization or smoothing parameter.

Secondly, the use of likelihood ratio statistics for making inferences on ([ and 1, provides a
simple but elegant way of constructing confidence sets, not only for these parameters but also for
the conditional probability function/regression function (u(z,z) = E(A=1|X =2,Z=2)) —a
quantity of significant interest— circumventing the problem of estimating nuisance parameters. We

!The assumption that 1 is increasing is not restrictive; if the dependence on Z is decreasing, one can use the
transformed covariate Z = —Z.



elaborate on this in what follows.

We show that the LRS for testing Hy has a limiting X?l distribution as in regular parametric
problems, while that for testing H : ¥ (z09) = Oy converges in distribution to a ”universal” random
variable ID; "universal” in the sense that it does not depend on the underlying parameters of the
model or the point of interest zp. 2 This latter result is a new and powerful one as it can be
used to obtain confidence sets for u(x, z) by inverting likelihood ratio tests for testing a family of
hypotheses of type (b). We emphasize that the computation of the LRS is completely objective
and does not involve smoothing/penalization as discussed above. Furthemore, calibration of the
likelihood ratio test only involves knowledge of the quantiles of (the asymptotic pivot) D, which
are well tabulated. Hence, nuisance parameters need not be estimated from the data. Of course,
we reap a similar advantage while constructing confidence sets for the regression parameter [ (or
a sub—parameter as is discussed in Section 3) which involves inverting a family of likelihood ratio
tests as in (a), calibrated via the usual x? quantiles. In contrast, note that inferences for 3 and v
(equivalently p) could also be done using the limit distributions of the corresponding maximum
likelihood estimates. However, we do not adopt this route as these distributions involve nuisance
parameters that are difficult to estimate. One could argue that nuisance parameter estimation in
this context could be obviated through the use of resampling techniques like subsampling (Politis,
Romano and Wolf (1999)) or the m out of n bootstrap (the usual Efron-type bootstrap will not
work in this situation (Sen, Banerjee and Woodroofe (2008)). But this once again introduces
the problem of choosing m, the ”block size”, which can be regarded as a variant of a smoothing
parameter.

Thus, the likelihood ratio method is much more automated and objective than its competitors.

As far as technicalities are concerned, the methodology and asymptotic theory developed in
this paper is markedly different from those used in the smoothing literature. This arises from
the fact that maximum likelihood estimation under monotonicity constraints can typically be
reduced to an isotonic regression problem (for a comprehensive review see Robertson, Wright and
Dykstra (1988) and more recently, Silvapulle and Sen (2004)). It is well-known in the isotonic
regression literature that the asymptotic behavior of estimates (like the MLEs of ¢ in our model)
obtained through such regression cannot be analyzed using standard CLTs as they are highly
non-linear functionals of the empirical distribution®; rather they are asymptotically distributed as
the derivatives of convex minorants of Gaussian processes, which are non—normal. These technical
details are discussed in later sections.

The rest of the paper is organized as follows. Maximum likelihood estimation and novel

2This limit distribution does not belong to the x? family but can be thought of as an analogue of the yZdistribution
in nonregular statistical problems involving n'/® rate of convergence for maximum likelihood estimators and non-—
Gaussian limit distributions. Indeed, the maximum likelihood estimator 1[171 converges to the true v at rate n'/3 in
this problem, while the rate of convergence of B is Vn.

3This is in contrast to estimates based on smoothing methods, which are essentially linear functionals of the
empirical distribution, which enables the use of CLTs and leads to asymptotic normality.



likelihood ratio-based inferential procedures for a general link function are discussed in Section 2.
In Section 3, for concreteness, we focus primarily on the logit link, which is the most widely used
link function in statistical data analysis and discuss the asymptotic results and the associated
methodology for construction of confidence sets in the setting of this model. We also indicate
in Section 3 that similar results continue to hold for other commonly used link functions, like
the probit link or the complementary log—log link. Proofs of some of the results in Section 3 are
collected in the Appendix (Section 4).

2 COMPUTING MLES AND LIKELIHOOD RATIOS

The density function of the random vector (A,X,Z) is given by p(6,z,2) = p(x,2)° (1 —
w(z, 2))0 f(z,z), where f(z,z) is the joint density of (Z, X) with respect to Leb x p where
Leb denotes Lebesgue measure on [0, 00) and y is some measure defined on RY. We construct the
likelihood function for the data, as:

Lo (B0, {0, X, Zi}ioy) = Ty (X5, Z3) 20 (1 — (X5, Z3)) 2 (25, X3) - (2.2)

In what follows, we denote the true underlying values of the parameters (8,) by (fo, %o). Using
a link function g (satisfying Condition C: For § = 1 or 0, the function v(s) := ¢ log h(s) + (1 —

§) log(1 — h(s)) is concave for s € (—o00,00)?), with inverse function h, the log-likelihood function
for the sample, up to an additive factor that does not involve any of the parameters of interest, is

given by ln(ﬂﬂ/’) = 1Og Ln(67w7 {Aiina Z’L}':L:l) = Z?:l l<ﬂ7w7 Ai7Xi7 Zi)where
(8,9, 6,2, 2) = 6 log h(B" @ +(2)) + (1 = 8) log(1 — h(B" = + ¥(2))). (2.3)

We next introduce some notation and define some key quantities that will be crucial to the
subsequent development. Let Z(1),Z(),...,Z) denote the ordered values of the Z;’s; let A,
and X ;) denote the indicator and covariate values associated with Z;). Also, let u; = ¥(Z;)) and
R;(B) = pT X(;)- Denote the vector (u1,us,...,u,) by u and define the function g as: g(3,u) =
~1a(B.0) = X0 d(Ag), Ri(B), ;) where ¢(8,7,u) = —3 log h(r +u) — (1 — 8) log(1 — h(r + u)).
Note that the monotone function ¢ is identifiable only up to its values at the Z(;)’s; hence we identify

¥ with the vector u. Let (3,,1,) = ArgMingeRd (uiu, <us<...<u,} 9(3, 1) . The unconstrained MLE

of (8,v) is given by (/3”,1[1”) where @n is the (unique) right—continuous increasing step function
that assumes the value ;. (the i'th component of 1,) at the point Z;) and has no jump points
outside of the set {Z;)}7;.

Next, for a fixed 3, let o) = ArgMin [y, <up<..<u,} 9(3,1).  Define 1/37@ to be the (unique)
(8)

right—continuous increasing step function that assumes the value ;. (the i’th component of

41t is easy to check that all three standard link functions used in binary regression: (a) the logit link for which
h(s) = e*/(1 + €®), (b) the probit link for which h(s) = ®(s), ® denoting the normal cdf and (c) the complementary
log-log link for which fz(s) =1-ec°, satisfy this property. The concavity of v implies the convexity of the function
g(B,u), to be introduced soon, in its arguments and guarantees a unique minimizer that may be obtained by using

standard methods from convex optimization theory.



ﬁﬁf )) at the point Z(; and has no jump points outside of the set {Z(;}i_;. Then, note that:
B = argming g(/3, ﬁ%ﬁ)) and 1, = 157(1 n

2.1 The Likelihood Ratio Statistic for Testing the Value of
The likelihood ratio statistic for testing Hy : 8 = (§y is given by:

Irtbeta, = 2 (ln(gm 7]’71) — In(Bo, 12)7(7,50))) . (2.4)

Our computation of MLEs, (quz)n’ A,({B 0)), in this semiparametric problem relies heavily on the
convexity of g(3,u) and is based on the following proposition.

Proposition 1: Let f(v1,72) be a real-valued function defined on R¥t x C where v varies
in RF and vo € C, where C is a closed convex subset of R¥2. Assume that f is a continuously
differentiable strictly convex function that is minimized (uniquely) at the point (vf,~3). Consider
the following updating algorithm. Start at an arbitrary point (79,~8) in R* x C. Having defined
(Y, 98" at stage m (m >0), set 45 = argmin,,cc f(V1";72) and A as the (unique) solution
to (0/0y1) f(y1,73 ™) = 0. Then, irrespective of the starting value, the sequence of points

{7, 78" bm>0 converges to (V7,73)-

Remark 1: We do not provide a proof of this proposition in this paper. The proposition
follows as a direct consequence of Theorem 2.2 in Jongbloed (1998) on the convergence of an
iteratively defined sequence using an algorithmic map which is adapted from a general convergence
theorem (Theorem 7.2.3) from Bazaraa et. al. (1993). °

Consider first, the computation of the unconstrained MLEs (Bn,l/;n) The function g is
defined on RY x é, where C = {u = (u,ug,...,up) s ug <wug <...<u,}is a closed convex cone
in R™. Setting f in Proposition 1 to be g, v1 = § and 2 = u, it is easy to check that g is a
continuously differentiable and strictly convex function that attains a unique minimum at (Bn, ).
Thus, we are in the setting of Proposition 1 above. We next provide a step—by—step outline of the
algorithm to evaluate (Bn, @n)

Computing the unconstrained MLEs:

Step 1. At Stage 0 of the algorithm, propose initial estimates ( Aflo), ﬁ%o)). Also, set an initial tolerance

level n > 0, small.

Step 2a. At Stage p > 0 of the algorithm, current estimates ( A,(lp), uy, (P)) are available. At Stage p+ 1,

first update the second component to uy ™ by minimizing g(ﬁn(p), u) over u € C, using the

® Additional remark: Note that the step of updating v to " which involves solving (8/3v1) f(y1,73* ") =0
is also a minimization step. Since f(y1,75" ') is a continuously differentiable strictly convex function of ~1, it is
uniquely minimized at the point where its derivative is 0. Thus, we could alternatively have written: ”yf”'l
argmin_ gk, flr, v .



modified iterative convex minorant algorithm (MICM) due to Jongbloed (1998). Note that
u, Pt is precisely the vector {@Z;gﬁ)(Z(i)) n ., for g = B,(Lp).

Step 2b. Having updated to un?*tY), next update @(Lp) to BV(LPH) by solving (8/0 ) (8, unPt1) = 0

using, for example, the Newton—Raphson procedure. In terms of the log—likelihood function,
~(3(P)
this amounts to solving (0/0 3)l,(5,v) = 0 for ¢p = w% W

Step 3. (Checking convergence) If

g(BF Y 1w, Py — g(BP, u, @)
g(BﬁLp) 9 un (p) )

<n

then stop and declare ( }Sp H), u,P*1)) as the MLEs. Otherwise, set p = p + 1 and return to
Step 2a.

We now elaborate on Step 2a, the most involved segment of the above algorithm, that requires
iterative quadratic optimization techniques under order constraints. This is precisely the problem
of evaluating qpﬁf ), the MLE of ¢ for a fixed 8. In particular, recall that zpff 9 is the MLE of P
under Hy : 8 = Bo.

Characterizing and computing &(f ): This is characterized by the vector ﬁT(f ) = (agﬂ T)L <

7),(2@ o< 115167)1) that minimizes g(3,u) over all u; < ug < ... < u,. ® Before proceeding further,

we introduce some notation. For points {(xo,v0), (z1,¥1),---, (@K, yx)} where zg = yo = 0 and
x9g < 21 < ... < X, consider the left-continuous function P(x) such that P(z;) = y; and such
that P(z) is constant on (z;_1,x;). We will denote the vector of slopes (left-derivatives) of the
greatest convex minorant (henceforth GCM) of P(x) computed at the points (x1,x2,...,2,) by

slogem { (z;, yi)}znZO‘

The solution ﬁ,(f ) can be viewed as the slope of the greatest convex minorant (slogcm) of a

random function defined in terms of ﬁ%@ ) itself. This self-induced/self-consistent characterization
proves useful both for computational purposes and for the asymptotic theory. For the sake of

notational convenience, we will denote g((3,u) in the following discussion by £(u) (suppressing the

dependence on 3) and ﬁq(q,’g) by @ = (uy, 2, ...,Uy,). For 1 <i < n, set d; = /4 £(). Define the

function 7 as follows:

n n

N AN 3—172 ~ AN g— 2
=1 =1
SWithout loss of generality one can assume that Ay =1 and A,y = 0. If not, the effective sample size for the

estimation of the parameters is k2 — k1 + 1 where k; is the first index ¢ such that Ay = 1 and k2 is the last index
such that Ay = 0. It is not difficult to see that one can set aﬁfjj = —oo for all 7 < k1 and aﬁ‘if = oo for all © > ko

without imposing any constraints on the other components of the minimizing vector.



It can be shown that & minimizes 7 subject to the constraints that u; < ug < ... < u, (see Section
4.2 in the appendix for the details) and hence furnishes the isotonic regression of the function
h(i) = @; — 7: (@) d; ! on the ordered set {1,2,...,n} with weight function d; = 7, &(@). Tt is
well known that the solution G = (uy, Ug, ..., Uy) = Slogcm {Z; 1 di s Zj 1 h(7) dz}n See, for
example Theorem 1.2.1 of ROBERTSON ET.AL.(1988) and more generally, Chapter 1 of that book
for an extensive discussion of isotonic regression.

Since 1 is unknown, an iterative scheme is resorted to. For a fixed vector v = (v1,vg,...,v,) € C,
set dv; = Vi &(v) and define the function ny(u) = >0, [u; — (v; — Vi &(V )dvi]de,i. Pick an

initial guess for 1, say u(® e C, set v = u(® and compute u® by minimizing nv(u) over C; then,
set v = u?, obtain u® by minimizing Nv(u) again, and proceed thus, until convergence. Generally,

with v = u, we have: ul+1) = slogem {Z dy; , Zgzl (vi — i (v )d;;) dvn}é

Remark 2: Certain convergence issues might arise with such a straightforward iterative
scheme, since the algorithm could hit inadmissible regions in the search space. Jongbloed (1998)
addresses this issue by using a modified iterated convex minorant (henceforth MICM) algorithm;
see Section 2.4 of his paper for a discussion of the practical issues and a description of the relevant
algorithm which incorporates a line search procedure to guarantee convergence to the minimizer.
As this is a well-established algorithm in the isotonic regression literature, we do not discuss these
subtleties any further, but refer the reader to Jongbloed’s paper.

Remark 3: We have also not explicitly addressed the convergence issue. This is discussed
in Jongbloed (1998). The iterations are stopped when the (necessary and sufficient) conditions
that characterize the unique minimizer of ¢ are satisified to a pre—specified degree of tolerance.
For a discussion of these conditions, see Section 4.2.

2.2 The Likelihood Ratio Statistic For Testing the Value of 1) at a point

We next turn our attention to the likelihood ratio test for testing ﬁo s (z0) = bp with —oo <
fp < oo. This requires us to compute the constrained maximizers of # and v, say (85,0, %¥n,0) under

Hy : ¥(z9) = 0p. As in the unconstrained case, this maximization can be achieved in two steps.

For each 3, one can compute zp(ﬁ 3 = argmaxy.(;, l.(B,%). Then, Bn 0 = argmaxgly (ﬁ,l[}ff 8)

and wn 0= w(ﬁ n.0) . The likelihood ratio statistic for testlng Hy : ¥ (z0) = 6o is given by:

Irtpsiy, = 2 (1n(Bny ¥n) — ln(Bn0, Pno)) - (2.6)

Note that the monotone function 1&55 3 is identifiable only up to its values at the Z;’s (and at
the fixed point zyp where it is required to equal 6p) and we identify this function with the vector

Agg()) = (ug’ggo,ﬁgﬁg 0r- - - ,ﬂifq)%o) where ugﬁn)o = 1[}7(53(Z(i)). We will discuss the characterization of

this vector shortly.



Before proceeding further, we introduce some notation. First, let m denote the number
of Z values that are less than or equal to zp. Then, we have Z(, < 20 < Zqn

(with probability 1). Note that any monotone function ¢ that satisfies Hy will have:
V(Zmy) < 0o < Y(Zimer)). Define Co to be the closed convex subset of R" comprising all
vectors u with u1 < wup < ... < upy <Oy < Upg1 < oo S up. I G0 = (U100, U200, - -5 Unyno)
denotes the vector {J’n,o(Z(i))}?:p then (85,0, Up,0) = argming pa ¢ 9(6, ). Since the function
g is a continuously differentiable strictly convex function defined on the closed convex set R? x C
and assumes a unique minimum at (f,,0,0y,0), we can invoke Proposition 1 as before. The
algorithm, which is similar to that in the preceding subsection, is formally presented below.

Computing the constrained MLEs under H:
30) (0

Step 1. At Stage 0 of the algorithm, propose initial estimates (3, 05 Uy, 0). Also, set an initial tolerance

level n > 0, small.

Step 2a. At Stage p > 0 of the algorithm, current estimates (ﬁ np ())) are available. At Stage p + 1,

n,0’

first update the second component to umo(p*l) by minimizing g(ﬁ}&p ()), u) over u € Co. Note

that ugjgl) is precisely the vector {1[1570(2(1»))}?:1, for B = ﬁﬁlp[))

Step 2b. Next, update BAT(L()] to GPHY by solving (0/0 ) g(/3, ;parl)) = 0 using, say, the Newton—

Step 3. (Checking convergence) If

TL

Raphson method.

(ﬁ(P+1) (ZD+1)) (ﬁpr%’ ng)O)

(ﬁ(p())’ (P))
( B(p+1) (p+1)
0 g g ) as the MLEs. Otherwise, set p = p + 1 and return to Step 2a.

< 17, then stop and declare

It remains to elaborate on Step 2a, which involves computing 1[1,({6 3 for some (3.

Characterizing ﬂéﬁg Finding w(ﬁ) amounts to minimizing g(3,u) = Y711, (A, Ri(B),ui)
over all w1 < wug... < upm < 0 < Upt1 < ... < uy. For the remainder of this discussion, we
denote the minimizing vector u( ) o by u®. Finding 0 can be reduced to solving two separate
optimization problems. These are [ ] Minimize g1(3, u1, uz, - .., um) = 2721 (A, Ri(3),u;) over
up <ug <. <y < g, and, [2] Minimize ga (8, U1, Umt2, - - -5 Up) = Z?:m—i—l d(Ay, Ri(B),uq)
over Oy < Umi1 < Umg2 < .o <y,

Consider [1] first. This is a problem that involves minimizing a smooth convex function
over a convex set and one can easily write down the Kuhn—Tucker conditions characterizing

the minimizer. It is easy to see that the solution (ago),ago),...,a,(ﬁ’) ) can be obtained as
follows: Minimize g¢1(3,u1) where uy = (uy,us,...,uy) over Cp, the closed convex cone
in R™ defined as {u; : u; < wg < ... < wuy}, to obtain @3 = (41,u2,...,Uny). Then,
@ al” . al®) = (@ A B,iiz A Oo,... 7m A f). The minimization of g(8,-) over Ci

requires use of the MICM and follows the same technique as described in the preceding



subsection in connection with estimating 12)%5 ). On the other hand, the solution vector to [2], say

L(0)  A(0 NONE _(0)  ~(0 (0 . . -
(ugnll,ufnzr% .. ,u%)), is given by (ufnzrl,ufnb,...,u%)) = (Umt1 V b0, Ums2 V 0o, ..., 0y V )
where (U1, Umt2,...,Un) = ArgMily,,  <upio<...<un92(0 Ums1, Umt2, ..., U,) and uses the

MICM, as in [1]. Finally a© = (a{ 2 . a{").

3 ASYMPTOTIC RESULTS

In this section we present asymptotic results for the estimation of § and . For the sake of
concreteness and ease of exposition, we present results explicitly in the setting of logistic regression.
The semiparametric logistic model is given by log % = BT X +(Z). The above display is
equivalent to writing:

e?" X A(Z)

X, 7)== ————F—

, where A(Z) = e¥9), (3.7)

The parameter space for 3 is taken to be a bounded subset of R%. We denote it by B. The parameter
space for A = e? is the space of all nondecreasing cadlag (i.e. right-continuous with left-hand limits)
functions from [0, 7] to [0, M] where M is some large positive constant. Let (8p, Ag) denote the
true model parameters (thus, Ag = €¥?). We make the following assumptions:

(A.1) The true regression parameter 3y is an interior point of 5.

(A.2) The covariate X has bounded support. Hence, there exists z such that P(||X| < zg) = 1.
Also E(Var(X | Z)) is positive definite with probability one.

(A.3) Let Ag(0) = 0. Let 7o, = inf{z : Ag(z) = oo}. The support of Z is an interval [o, 7] with
0<o<T<T)p-

(A.4) We assume that 0 < Ag(c—) < Aog(7) < M. Also, Ag is continuously differentiable on [, 7]
with derivative A\g bounded away from 0 and from oo.

(A.5) The marginal density of Z, which we denote by fz, is continuous and positive on [o, 7].

(A.6) The function h** defined below in (3.8) defined below has a version which is differentiable
componentwise with each component possessing a bounded derivative on [o, 7].

Remarks: The boundedness of B along with assumptions (A.1)—(A.3) are needed to deduce the
consistency and rates of convergence of the maximum likelihood estimators. In particular, the
boundedness of the covariate X does not cause a problem with applications. The utility of the
assumption that the conditional dispersion of X given Z is positive definite is explained below.
(A.4) and (A.5) are fairly weak regularity conditions on Ay and the distribution of Z. The
assumption (A.6) is a technical assumption and is required to ensure that one can define appropriate
approximately least favorable submodels; these are finite-dimensional submodels of the given
semiparametric model, with the property that the efficient score function for the semiparametric
model at the true parameter values can be approximated by the usual score functions from these



submodels. They turn out to be crucial for deriving the limit distribution of the likelihood ratio
statistic for testing the regression parameter.

We now introduce the efficient score function for 8 in this model. The log density function for
the vector (A, Z, X) is given by:

I5.A(8, 2,2) = 8 (log A(2) + BT x) —log (1 + A(2) exp(BT z)) +log f(z,z).
The ordinary score function for § in this model is:

I5(8,A)(8,2,x) = (9/0 B) lg (6,2, 2) = 2 A(2) Q((6,2,2); B,A) ,

where
) el

Az) 1+ A(z)ef

The score function for A is a linear operator acting on the space of functions of bounded variation
on [0, 7] and has the form:

IN(B, A)(h(-))(8, 2,2) = h(2) Q((6, 2,2); B, ).

Q((0,z,z); B,A) =

Here h is a function of bounded variation on [0, 7]. To compute the form of this score function, we
consider curves of the form A +¢h for ¢ > 0 where h is a non—decreasing non—negative function on
[0, 7]. Computing

0
Bp(h) = 91 lgavtn(6,2,2) |t=0,

we get Ba(h) = h(z) Q((d, z,z); 3, A). The linear operator By now extends naturally to the closed
linear span of all non—decreasing h’s, which is precisely the space of all functions of bounded
variation on [, T].

The efficient score function for 3 at the true parameter values (S, Ag), which we will denote by [
for brevity, is given by o .

L =15(B0, Ao) — Ia(Bo, Ao)h*
for functions h* = (h, h3, ..., h}) of bounded variation, such that h} minimizes the distance

Egy n0(i5,:(80, Ao) — Ia(Bo, Mo) h(+))?,

for h varying in the space of functions of bounded variation on [0, 7]. Here

[5,i(Bo, Ao) = 2 A(2) Q((6, 2, 2); Bo, Ao)

is the i’th component of the ordinary score function for 4 (and z(? is the i’th component of z). It
is not difficult to see that h} must satisfy

E [Buo (h) (I5,i(Bo, Ao) — B, (h)] =0,
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for all h. This simplifies to

EQ*(A, Z,X); fo, Ao)h(2) [X' Ao(2) — b (2)]] = 0.
For the above to be satisfied it suffices to have:

E[Q*((A, Z,X); o, Ao) [X D) Ag(2) — 1} (2)] | Z] =0,

whence
o B(XD QA((A, 2,X): o Ao) | 2)
hi(Z) = Ao(Z) E(Q2((A,Z,X);/807?\0>0‘ Z)

In vector notation we can therefore write

Egyne(X Q2((A, Z,X); Bo. No) | Z
B*(Z) = Mo(Z) h**(Z) = Aol 2) JgﬁAA( (Qg(&, Z, X>;)ﬁoﬁ,0Ao>0)\ |Z>)

The assumption (A.2) that E(Var(X | Z)) is positive definite ensures that I, the efficient score
function for A3, is not identically zero, whence the efficient information Iy = Disp(l~) = E3y A, (l~ ZNT)
is positive definite (Note that Eg, z,(l) = 0). This entails that the MLE of 8 will converge at v/n
rate to betag and have an asymptotically normal distribution with a finite dispersion matrix.

(3.8)

Let 6y = e%. Now, consider the problem of testing Hy : 8 = [y based on our data, but
under the (true) constraint that A(zg) = 6p. Thus, we define:
argmax, g (B, A)

Irtbetal = 2 log .
argmax,_ g A, _j, la(B,A)

(3.9)

Thus,
Irtbetal = 21, (Bn,0 Anjo) — 20 (o, ALS),

where /A\n,o = exp(qﬁnyo) and Aff 8) = exp(@é’?g)). We now state a theorem describing the asymptotic

behavior of Bn and Bmo (which we subsequently denote by Bn) and the likelihood ratio statistics
Irtbeta,, as defined in (2.4) and Irtbetal above.

Theorem 3.1 Under Conditions (A.1) — (A.7), both (3, and (3, are asymptotically linear in the
efficient score function and have the following representation:

: L i NYiA 7y
Vn (Bn — o) = NG ;1 (A, Zi, X3) + 1 (3.10)
and
3 _ 1 Zn A 7 X
\/ﬁ(ﬁn - /80) - \/EIO ra Z(AUZ’HX’L) + Sp (3.11)

where 1, and s, are op(1). Hence both VI (Bn — Bo) and /n (B — Bo) converge in distribution to
N(0,I;h).

11



Furthermore, R o

Irtbeta, = (B — B0)" To (B — Bo) + 0p(1) (3.12)
while . o

lrtbeta% =n(Bp — BO)T Io (Bn — Bo) + 0p(1) . (3.13)

It follows that both lrtbeta,, and lrtbeta?l are asympotically distributed like X?l'

We next state asymptotic results concerning the nonparametric component of the model. In order
to do so, we introduce the following processes. For positive constants ¢ and d define the process
Xea(2) == cW(z2) + d 2% where W(z) is standard two-sided Brownian motion starting from 0.
Let G¢q4(z) denote the GCM of X, 4(2). Let g.q(2) be the right derivative of G.4. This is a
non—decreasing function that can be shown to be a piecewise constant, with finitely many jumps
in any compact interval. Next, let G.qr(h) denote the GCM of X.4(h) restricted to the set
h <0 and gcgq,r(h) denote its right-derivative process. For h > 0, let G. 4 r(h) denote the GCM
of X 4(h) restricted to the set A > 0 and g.q4 r(h) denote its right-derivative process. Define
904(h) = (geaL(h) A 0)1(h < 0) + (gea,r(h) V 0)1(h > 0). Then g2 ;(h), like gca(h), is a non-
decreasing function that is piecewise constant, with finitely many jumps in any compact interval
and differs (almost surely) from g.4(h) on a finite interval containing 0. In fact, with probability
1, ggd(h) is identically 0 in some (random) neighborhood of 0, whereas g.q(h) is almost surely
non-zero in some (random) neighborhood of 0. Also, the interval D.q4 on which g.q and ggd
differ is O,(1). For more detailed descriptions of the processes g.4 and gg 4> See Banerjee (2000),
Banerjee and Wellner (2001) and Wellner (2003). Thus, g1, and 9?,1 are the unconstrained and
constrained versions of the slope processes associated with the “canonical” process Xi 1(z). By
Brownian scaling, the slope processes g.q and gg 4 can be related in distribution to the canonical
slope processes g1,1 and g?’l. This is the content of the following proposition.

Lemma 3.1 For any M > 0, the following distributional equality holds in the space Lo[—M, M] X
Lo[—M, M]:

(gc,d(h)798,d(h)) 2 (C(d/C)l/gng ((d/c)2/3h> ,c(d/c)l/:gg%1 ((d/c)2/3h>> .

Here La[—M, M] denotes the space of real-valued functions on [—M, M| with finite Ly norm (with
respect to Lebesque measure).

This is proved in Banerjee (2000), Chapter 3.

Let zp be an interior point of the support of Z. Define the (localized) slope processes U,
and V,, as follows:

Un(h) = n"/? (90 (29 + hn /%) — 4y (20)) and Vy(h) = n'/3 (900 (20 + V%) — 4y ().

The following theorem describes the limiting distribution of the slope processes above.
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Theorem 3.2 Define,

eﬁg x+1)0(20)
Co) = [ o sty /G0 ) ).

Assume that 0 < C(zp) < 0o. Let

1 .
Gy ™ =3 %0(0),

where ¢6 is the derivative of 1g. The processes (Uyp(h),Vn(h)) converge finite dimensionally to
the processes (gmb(h),gg’b(h)). Furthermore, using the monotonicity of the processes Uy, and V,,, it
follows that the convergence holds in the space Lo|—K, K] x Lo[—K, K| for any K > 0.

Setting h = 0 in the above theorem, we find that
n!/® () (20) = 0(20)) —a 9ap(0) =4 a (b/a)'/? g1.1(0) =4 (8a°b)'* Z,

where Z = argmin,cp (W (h) + h?%) and its distribution is referred to in the statistical literature
as Chernoff’s distribution. See, for example, Groeneboom and Wellner (2001) for a detailed
description. The above display utilizes the result that ¢11(0) =4 27Z (since this result is not
used in our proposed methodology for constructing confidence sets, discussed below, we do not
establish this result in our paper). The random variable Z arises extensively in nonparametric
problems involving cube-root asymptotics — problems where estimates of parameters converge at
rate n'/3 and in particular, is typically found to characterize the pointwise limit distribution of
maximum likelihood estimators of monotone functions in nonparametric/semiparametric models.
The distribution of Z is non-Gaussian and symmetric about 0. It can, in fact, be shown that

n/3 (Y (20) — Po(20)) —a (8a?b)/3Z

where 1&,1 = @n" is the unconstrained MLE of v. This is not surprising in view of the fact that
Vn(Bn — Bo) = Op(1), so that 5, converges to By at a faster rate than n'/3 the convergence rate for

@n". Since the quantiles of Z are well-tabulated, this result can be used to construct asymptotic
confidence sets of any pre-assigned level for 1y (z9) (equivalently Ag(zg)), but the procedure requires
estimating the constants a and b which turns out to be a tricky affair (one needs to estimate
the joint density of the covariates that appears in the defining integral for C(zp) in addition to
the derivative of 1y at the point zy, which is quite difficult, especially at modest sample sizes).
Resampling techniques, like subsampling (m out of n bootstrap without replacement) as discussed
in Politis, Romano and Wolf (1999), can circumvent the estimation of the nuisance parameters a
and b, but are computationally quite intensive. To avoid these difficulties, we do not construct
MLE based confidence sets for ¢y(zp) in this paper; rather, we resort to inversion of the likelihood
ratio statistic for testing the value of 1y at a pre-fixed point of interest. Our next theorem is crucial
for this purpose.
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Theorem 3.3 The likelihood ratio statistic for testing Hy : 1(z0) = 6o, as defined in (2.6),
converges in distribution to D where

D= / (912(2))? — (694())?) d=.

The random variable D can be considered to be a non-regular analogue of the usual 3 random
variable, in the sense that just as the x? distribution describes the limiting likelihood ratio statistic
for testing a real- valued parameter in a regular parametric model, similarly, the distribution of
D describes the limiting likelihood ratio statistic for testing the value of a monotone function at
a point in conditionally parametric models (see Banerjee (2007)) and more generally in pointwise
estimation of monotone functions.

Construction of confidence sets for parameters of interest via likelihood ratio
based inversion: Denote the likelihood ratio statistic for testing the null hypothesis ¢(zg) = 0
by Irtpsi,(f#). The computation of the likelihood ratio statistic is dicussed, in detail, in
Section 2. By Theorem 3.3, an approximate level 1 — « confidence set for ¢y(zg) is given by
Spo(z0) = 10 @ Irtpsi,(0) < ¢(D,1 — a)}, where ¢(D,1 — ) is the (1 — «)’th quantile of the
distribution of D (for ae = 0.05, this is approximately 2.28). Noting that Ag(z9) = exp(to(20)), the
corresponding confidence set for Ag(zo) is simply exp(Sy,(z,)). Furthermore, the corresponding
confidence set for the baseline conditional probability function, E(A | X = 0,Z = zp) is simply
esw()(Zo)/(l + @Swo(zo))_

Confidence sets for the regression function at values X = xz¢,Z = 2z, ie. pu(xo,20) =
E(A | X = x0,Z = zp) can also be constructed in a similar fashion. This requires redefining the
covariate X, so as to convert p(zo, z0) to a baseline conditional probability. Set X = X — 9. Then
w(zo,20) = P(A=1] X =0,Z = 2). Define ji(#,2) = E(A | X = & Z = z). We have,

e FHm) Ag(z) €M7 Ag(z)
L4 e @20 Ag(2) 147 Rg(2)

MZ,z) = p(T + x0,2) =

where Ag(z) = e @0 Ao(2), with ¥(z) = log Ag(z) = BT 20 + 1o(z). This is exactly the model

considered at the beginning of Section 3 in terms of new covariates (X , Z) and satisfies the regularity
conditions A.1 — A.6 (with X replaced by X). Now, 1(zo, 20) = fi(0, 20) = e¥0(20) /(1 4- e¥o(20)),

An approximate level 1 — « confidence set for 1,20(20), say S Jo(z0) €A1 be found in exactly the same

20
fashion as before; i.e. SQ;O(ZO) = {0 : Irtpsi, (0) < ¢(D,1 — o)}, where Irtpsi, () is the likelihood
ratio statistic for testing 1;(20) = 0 and is computed in exactly the same way as the statistic in
(2.6), but using the covariates X and Z, instead of X and Z. Correspondingly, the confidence set

for (0, zg) is Si00) /(1 + 65150(20)). This principle is applied extensively to construct confidence
sets for the conditional probabilites in the data analysis example in Section 4.

The construction of joint confidence sets is also of importance in certain applications. Thus, one
may be interested in a joint confidence set for (u(xo, z0), u(xo, 21)) for zp < z1. To this end consider
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the hypothesis flo,l s (20) = Oo,%(z1) = 61 where zp < z; and 6y < 6;. A natural statistic to
test this hypothesis is M,, = max(lrtpsiﬁfo)(@g) lrtp81(zl)(91)) where lrtpsigfo)(ﬂo) is the likelihood
ratio statistic for testing v (z9) = 6p and Irtpsil! )(91), the likelihood ratio statistic for testing
¥(z1) = 61. It can be shown that when the null hypothesis is true, lrtpsigfo)(Ho) and lrtpsigfl)(@l)
are asymptotically independent and M,, converges in distribution to D) = max(Dq, Dy) where Dy
and Do are identical copies of ID. The quantiles of this distribution are well-tabulated and joint
confidence sets for (¢(z0),%(z1)) are therefore readily constructed by inversion. This leads to joint
confidence sets for (u(zo, 20), (20, 21)) by centering X around z, as in the previous paragraph.

Consider the pair (0,6") (with § < ) and let lrtps1( )(9) and lﬁgi(m(ﬂ’ ) denote, respectively,
the likelihood ratio statistics for testing 1)(z0) = 6 and ¥(z) = @, these being computed in exactly
the same way as the statistic in (2.6) but using covariates (X, Z ) instead of (X, Z). Let:

—~ (Zl

Satenrdnony = 1(0,0) 0 < 0/ max(ixtpsiy, (0), tpsiy, (0)) < (D, 1 - a)}

This set has a simple characterization as a polygon in R? (it is either a triangle or a trapezium or
a pentagon). Let S~ = {0 : lrtp31 )(6?) < ¢(P,1 - a)} and S =16 : l;c\ﬁgiizﬂ(ﬁ/) <
q(D@ 1 —a)l. Then. 3 B
S@o(Zo)@o(zl) x S?ﬁo(zl)
where C is the cone given by {(6,0') € R?: § < ¢'}. A two-dimensional joint confidence set of level
1 — a for (u(xo, 20), u(xo, 21)) is given by:

{1+ ), /(14 ")) (0,0') € S oy doien) -

This method can be extended to provide confidence sets at more than 2 points. However, for a
fixed sample size, the performance of this procedure will deteriorate as the number of z;’s increases,
owing to the finite sample dependence among the pointwise likelihood ratio statistics.

~ 5

Po(20) ) ne

Confidence sets for the finite dimensional regression parameter Gy can be constructed in the
usual fashion as: {( : Irtbeta, (5) < 02 1-a}, Where Irtbeta, () is the likelihood ratio statistic for
testing the null hypothesis that the true regression parameter is 3 (see (2.7)), and 021 is the

(1 — a)’th quantile of the x? distribution. This method can be adapted to construct confidence
sets for a sub—vector of the regression parameters as well. So, consider a situation where the
regression parameter vector can be partitioned as § = (n1,1m2). Let By = (n10,720) denote the
true parameter value and suppose that we are interested in a confidence set for 7;9. Let d; and
dy denote the dimensions of 1, and 7y respectively. To test Hgy : 11 = 119, the log-likelihood
function 1,(,%) is maximized over all 3 of the form (nig,n2) (where 7y varies freely in R92)
and 1 monotone increasing. If we identify 1, as before, with the vector u = {¥(Z(;)}i,
then, g(n2,u) = —1,,((n10,72),%) is a continuously differentiable strictly convex function defined

on R% x C and its minimizer can be obtained using Proposition 1. If (), ,u,(lmo)) denotes the
minimizer of g, then the constrained MLEs of (83,) under Hy are: ((n10,72), 5")) where 1))
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is the (unique) right—continuous increasing step function that assumes the value ﬂ%o) (the i’th

component of ﬁ%mo)) at the point Z(; and has no jump points outside of the set {Z; }i_;. The

likelihood ratio statistic for testing Hy is then given by:

2l (Bns ) = ln((mo, 712), P7))]

and converges to the x31 distribution. Therefore, a level 1 — o confidence set for the sub—vector
110 can be readily computed via inversion and calibration using Xgl quantiles. We skip the details.

General Link Functions: Under regularity conditions analogous to those described at
the beginning of this section, similar results are obtained for more general link functions, so long
as the inverse link h satisfies Condition (C) described in Section 2. Thus, for any h satisfying the
concavity constraints, (a) the likelihood ratio statistic for testing 8 = [y as described in (2.4)
converges to a x2 distribution and (b) the likelihood ratio statistic for testing Hy : 1(z9) = o as
described in (2.6) converges in distribution to ) (when Hy is true). Confidence sets for 3, ()
and p(xo, 20) as well as a sub—vector of 3 may be obtained by methods analogous to those used in
the logistic regression framework. Once again, owing to space constraints, we skip the details.

4 APPENDIX

Proof of Theorem 3.1: For simplicity, we assume that X is 1-dimensional, so that 3 is also
1-dimensional. This will make the proof easier to understand, without any essential loss of
generality. Also, in what follows, Pg s will denote the distribution of (A, Z, X') under parameter
value (3, A) and pg s the corresponding density. Also pg denotes the density under the true values

(ﬁOa AO) and PO = Pﬁo,/\o'

The consistency of (G, A,) for (8y, Ag) and of /A\mo for Ag can be established via a standard
consistency proof. Here we only provide a sketch. We can use the method of Wald (see, for example,
Theorem 5.14 of Van der Vaart (1998)) with criterion function mga = log (pga + Pgy,a0)/2- It
is not difficult to see that Pn(my 3 ) = Pn(mg,a) for any (8,A) and Po(mg,,a,) = Po(mg,) for
any (3,A) where Py is the distribution under (g, Ag). Equipping the parameter space with the
Euclidean topology on R? times the weak topology on the space of bounded cadlag functions
defined on [0, 7] renders it compact. Furthermore, the criterion functions are uniformly bounded.
Conditions (5.12) and (5.13) on page 48 of Van der Vaart (1998) are then easily verified and
Theorem 5.14 can be invoked to conclude that Bn converges in probability to Gy under the usual
Euclidean topology and that A, converges to Ay in the weak topology on the interval [0, 7] (on
which Ag is identifiable). Pointwise convergence of A, to Ag (in probability) for any o < x < 7 is
easily deduced. Invoking the uniform continuity of Ag on any compact interval strictly contained
in [0, 7] along with the monotonicity of the functions A,, and Ag allows us to strengthen this to
convergence in probability under the topology of uniform convergence on compact subsets of [, 7].

In what follows, we will freely use the facts that (a) (Bn,A,) converges to (8p,Ag) in the
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product topology 71 x 7o where 71 is the Euclidean topology on R% and 7 is the topology of

uniform convergence on compact sets. Also, A, converges to Ag under 9. Another result that
we will need is a rate of convergence of A, and A, o to Ag in an Lo metric. We have:

T

-
/ (R () = Ao(w))* du = Op(n~2/3) and / (Ruo() — Ao(w))? du = Op(n~2/3).
g g
This can be deduced by using arguments similar to those in Section A.3 of Murphy and Van der
Vaart (1997) for the Cox model with interval censored data, where a rate of convergence for the
MLE of A is deduced from the rate of convergence of of density estimators with respect to (an
appropriate modification of) the Hellinger distance. See also Theorem 3.3 of Huang (1996).

We will use Theorem 3.1 of Murphy and Van der Vaart (1997) to establish that Irtbeta,,
the likelihood ratio statistic for testing 3 = [y is asymptotically x? and has the representation
(3.12); in the process, we will establish the asymptotically linear representation of the MLE B in
the efficient score function (display (3.10)). We start by constructing the “approximately least
favorable” one-dimensional submodels that satisfy conditions (3.6) and (3.7) on Page 1482 of
Murphy and Van der Vaart (1997). For parameter values (3,A) we define the corresponding
submodel
st(B,A) = (t, A(B,A) = (L, A+ (0 —t) p(A) R** o Ayt o A).

Here ¢ is a function mapping [0, M] into [0,00), such that (i) ¢(y) = y on [Ao(o), Ao(7)], (ii)
y — &(y)/y is Lipschitz and (iii) ¢(y) < c¢(y A M — y) for a sufficiently large constant ¢ that
depends on (y, Ag) only. By the assumption that [Ag(c—),Ao(7)] C (0, M) such a function ¢
exists. It is not difficult to show that for ¢ sufficiently close to 6, (¢, A¢(0,A)) is a valid parameter.

We next compute the scores from these approximately least favorable submodels.  Let
p(9, z, xz;t, A, B) denote the density function under parameter value (¢, Ai(5,A)) and 1(4, z, z;t, A, 5)
denote the log—density. We have

1(6,2,2;t, A, B) = 0 log Ay(B,A)(2) + 5tz —log (1 + A¢(B,A)(2) ')

Straightforward computations yield that the score function is:

(6,2, 2t A, B) = At(ﬁ,(SA)(z) [—o(A(z)) " o Aal oA(2)]+dx

1
L+ A(BA)(2) el
As (t,8,A) converges to (0o, Bo, Ao) (the convergence is taken to be with respect to the product

of the Euclidean topology on R? and the topology of uniform convergence on compact subsets of
[0, T]), it is easy to verify that

[—¢(A(z)) h** o Ayt o A(2) e + Ay(B, A)(2) ze'] .

. 1) 1

(8.2, 2:1,A,0) = s R0 )] +0 — s [Aa(2) A (2) 4 Aof) w67,
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almost everywhere with respect to Py, the true measure and this is precisely l (6, x, z), the efficient
score function (as can be checked by arranging terms).

Next, we note that the class of functions i(é, x,z;t, A, 3) with 3 and ¢ ranging in a neighborhood of
Bo and A ranging over the class of increasing cadlag functions on [0, 7] and taking values in [0, M|
is a uniformly bounded and Donsker class. We can write the score function as:

» B(A))/AC:) v MBNE T = GAE) B0 A o AG) e

T+ (8- 1) (6(A(2))/A(2) i** 0 Ay "o A(z) L+ A8 ) (2) e

In the wake of standard preservation properties of Donsker classes of functions (see pages 192 — 193
of Van der Vaart and Wellner (1996)) it suffices to show that each of the above three components
is uniformly bounded and Donsker. Conside the first component. Since the class of functions {A}
being considered here is uniformly bounded and is contained in the class of monotone functions on
[0, 7], Theorem 2.7.5. of Van der Vaart and Wellner (1996) can be invoked (with minor modification)
to conclude that this is a universally Donsker class. Since y — ¢(y)/y is bounded and Lipschitz, the
composition of this function with the class {A}, i.e. the class {¢(A)/A} is bounded and Donsker,
by Theorem 2.10.6 of Van der Vaart and Wellner (1996). Next, using (A.4) and (A.6), it is easily
verfied that the function h** - Ay ! has a uniformly bounded derivative and is therefore Lipschitz; it
follows then that A**- Ay L. A is bounded and Donsker. Since the product of a number of uniformly
bounded Donsker classes is Donsker and addition of constants preserves the Donsker property,
conclude that {1+ (3 —t) (¢(A(2))/A(2)) h** - Ay' - A(2)} is a Donsker class. Furthermore if (3, t)
vary in a sufficiently small neighborhood of 3y, then

L+ (8 1) (SAR)/AR) I - Ay - Az) 2 1= | B—t| Gh* Ayt 21— € >0,

if | B—t|<e/(G|Ih** - Ayt|eo) where G =sup | ¢(y)/y | and 1 > ¢ > 0 is preassigned. It follows
that {(1 + (3 — t) (p(A(2))/A(2)) h** - Ayt - A(2))~'} is also bounded and Donsker. Conclude,
using preservation properties yet again, that the first term is a bounded Donsker class.

To show that the third term is Donsker, note that each of the following classes {¢(A)},

{A(B, )}, {** - Ag' - A}, {e!®} are bounded Donsker classes as t and § range in a bounded
neighborhood of 5y and A ranges in the class of nondecreasing cadlag functions on [0, M]; also
the class {(1 + A4(B,A)(2)e'*)~1} is bounded above by 1. Now, employ standard preservation
properties to arrive at the desired conclusion. The second term is of course a fixed bounded
function, hence Donsker. Thus, we conclude that the class of score functions considered above is
indeed Donsker and uniformly bounded.

Furthermore, the class

F =190, z,2t,A,B8) = (1/p(6, 2, 2;t, A, B)) (0% /0t?) p(6, z, 5 t, A, B)}

as (0,t,A) vary in a sufficiently small neighborhood of (8o, B0, Ao) is a Glivenko—Cantelli class of
functions (this can be shown by employing techniques similar to those used to show that the score
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functions above are Donsker). Furthermore g(d, z,x;t, A, 3) — g(0, z, x; Bo, Ao, Bo) almost surely
under Py (the true underlying distribution generating the data), as (¢, A, 3) — (Bo, Ao, Bo). It now
follows from the discussion on Pages 71-77 of Banerjee (2000) that Condition (3.8) on Page 1482
of Murphy and Van der Vaart (1997) is satisfied.

Next, we need to verify the “unbiasedness condition” — this is condition (3.9) of Murphy
and Van der Vaart (1997) and in this case can be written as:

VP, (I(8, 2, 2; B0, AP Bo) — 1) —, 0.

By the consistency of A%ﬁ %) for Ap and the facts that (i) the class of score functions obtained from
the least favorable submodels are Donsker and (ii) Pyl = 0, the above condition is equivalent to

. A~

Vn Py (l(é,x,z;ﬁo,A%ﬂo),ﬂo)) —, 0. For notational convenience, abbreviate (6, x, z; 6o, A, ) to
I(A) and AL to Ag. We have,

Py (i(Ao)) = (Py = Py, 3,)(((R0)) + (Po — Py 3, )(I(Ao) —i(Ao)).- (4.14)

To write this decomposition we use the fact that Pﬁ’A(i(.; B,A,3)) =0 for all (3,A). It now suffices

to show that each of the two terms on the right side of the above display is op(n_l/ 2). Consider
the first term. This can be written as:

(P - Py 5, (i00) = Ao fh0)) [P0 iy o)t - B | a1s)

Here we are using the fact that i(Ao) is the efficient score function and hence orthogonal to all
functions in the span of I (5o, Ag). We now simplify the expression

Po —Dg A . .

——220 — i\ (Bo, Ao) (Ao — Ag)
bo

using a simple Taylor expansion. We have:

p(Bo, o) = p(Bo, Ao+ (Ao — Ag))

N 2
= p(fo, No) + {jtp(ﬂo,/\o +t(Ao —Ao))} + Ld

. 5 2P (B0, Ao + t*(Ao — Ag))
=

for some 0 < t* < 1. Here t* can depend on the point of evaluation of the density ( note that the
arguments (0, x, z) are being suppressed). But

(d/dt){p(Bo, Mo + t(Ag — Ao)) o = I (Bo, Ao) (Ao — Ao) x p(Bo, Ao)

and using this we get:

p(Bo, Mo) — p(Bo, Ao)
P(Bo, Mo)

1 1 d&?
)~ P(ﬁo,/\o)iﬁp(

:jA(ﬁo,Ao)(Ao—Ao Bo, Ao + t* (Ao — Ag)) .
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Now using (4.15) it follows that
I(Ao)| = i(00) 2L o, Ao + (Ao — A
(Py — Pﬁo,Ao) [ ( 0)] =—F |l( 0) 2dt2p(/80’ o+t (Ao —Ag))| - (4.16)

We now compute (d2 / dt2) p(Bo, Ao + t*h) where h denotes Ao — Ag. Straightforward differentiation
yields that

d2 d d 1
@pr?AO +th) = dt [dt [5 +(1-29) 1+ efor(Ag + th)(z)} ]

2
(1+ ebor(Ag +th)(z))3

In writing p(8o, Ao + th) above, the joint density of (X, Z) has been absorbed into the dominating
measure; call the resulting measure pg.,,. From the above display, easily we have:

= (1—20)e2P02h2(z)

d2
‘dtgp(ﬁoa/\o-i-th)’ < KWK (4.17)

for all ¢ (where K is a constant not depending upon t), provided that Ag +¢h > 0. This is indeed
the case for h = Ag — Ag. Thus we get,

IN

| (Po — Pﬁo,Ao)(i(AO)) | / | 1(Ao) | — ‘ dt2p(50,A0 + 1" (Ao — Ao)) | po dptdom (5, 7, 2)

IN

K /(AO — ANo)2(2)dptdom (8, z, 2)

= K /T(f\o — N (2) fz(2)dz

Here the K’s are constants. Since fz is continuous on [o, 7] it attains its maximum, showing that
T T
‘(PO - PﬁoyAO)[l(Ao)]’ <K / (Ao — Mo)2(2)f2(2)dy < K / (Ao — Ag)2(2)dy.
g g
Now, f;([\o — Ap)?(2)dz is Op(n=2/?), and hence certainly o,(n~/2) showing that so is the left side
of the above display. Consider the second term in (4.14). To tackle this term, note first of all, that
i(Ro) = i(Ao) | < CAo—Ao| (4.18)

for some constant C' not depending on §, z, z. Now write the second term as:

/(i(Ao) —1(80))(Po — Py, &, )Adom (8, 2, %) = /(i(Ao) — {(A0))[LA (B0, Mo) (Ao — Ao) p(Bo, Ao)

1 d? R
_§ﬁp(ﬂ0, Ao +t" (Ao — AO))]d/“Ldom
- /(i(Ao) —1(A0))I (Bos Ao) (Ao — Ag) p(Bo, Ao) dbtdom

~ (o) ~ 1001} .o + 1B~ o)t
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Now I (8o, Ao)(Ao — Ag) = (Ao — Ag)Q(; Bo, Ag) . Using this along with the fact that Q(x; G0, Ao)
is bounded, the bound on %g—;p(ﬁo, Ag+1*(Ag— A)) obtained through (4.17), the inequality (4.18)

and the uniform boundedness of | [(Ag) — i(Ag) | and the boundedness of the density of Y, we find
that the sum of the absolute values of the integrals in the last expression of the above display is
bounded by:

01/ (Ao — Ag)dy + 02/ (Ao — Ao)%dy

showing that

[ tiho) = 0010~y 5, a5, 5:2)

< C3/ (Ao — Ag)3dy

and as before we conclude that [(I(Ag) — I(Ag))(po — Py Ay ) Hdom (8, 2, ) is op(n~1/2).  This
completes the proof that the unbiasedness condition holds.

It only remains to show the asymptotic linearity of the MLE in the efficient score function
— in other words, establishing the representation (3.17). (3.10). Since § maximizes the function

t— P, log p(t, Ay(5, A))

over t, it follows that: o R
Let G,, denote the empirical process f (P, Po) By the Donsker property of the class of functions
[(-;t, A, B) and the consistency of (8, A) we have that:

Gn(i( B, A, B) — (-3 Bo, Ao, o)) —p 0.
The preceding two displays then jointly imply that:
_IPO( ( ﬁaA ﬁ)) ( ( /807A07ﬁ0))+0p( )

By exactly the same arguments as used to show that VnPyl ( Bo, Ao, Bo) —p 0 we can show that
vV Pyl(; ﬁo, A ,B0) —p 0; we need to replace Ao everywhere in that chain of arguments by A and
use that [ ( (A—Ao)2(y)dy is O,(n2/3). Adding \/n Pyl(-; o, A, o) to the left side of the preceding
display and using the fact that it converges in probability to 0 gives

—VnPo(i( 8, A, B)) + VnPo(i(-; Bos A, o)) = Gu(i(+; o, Ao, o)) + 0p(1) - (4.19)

Now define &(-;t,A) = atl( t,A,t). Then,
Py(i(5t,0) = Po[(@/0n)i(5t,A,8)]
= (@/00)Ry [i(t.A,1)] -
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Denote the left side of (4.19) by L. Then

L= —va|p (it 5.4 5) Py (it:60.A.50))
- _gtpo (l’(-;B,A,B))] (6 = 0)

- _n :PO (gtl'(-;t,]\,t) |t_5>} (&—ﬂo)
= v R (k5 5.0)) | (6 - o)

where B lies between Bn and By and does not depend on (4, z, ). We now claim that:

{Po (“(7372\))} —p —lo,
as (ﬁn,An) —p (Bo,Np). This is proved in the following way. Denote the quantity on the left
hand side of the above display by M,,. It is easy to check that &(-;¢, A) is uniformly bounded as
(t,A) range in a finite neighborhood of (5y, Ag). Also k(+;t,A) — K(+; 5o, Ao) for Py almost every
x as (t,A) — (Bo,ANg). Hence by the DCT Py (k;(-;t,A)) — Py (&(+; o, Ao)) and consequently

P (R(-;B,f\n)) —p Py (i(; Bo, Ao)). Thus My, —p Py (i(-5 B0, Ag)). We now need to show that
this equals —Iy. Now,

J1CB.4.8) 5558 ditao =0
for all (3, A). Differentiating this relation with respect to [ gives:
o /-
0 - /8,3 (l(vﬁquB)p(aﬁvA)) d,udom
= / K‘(7 B? A) p(’ 67 A)d:udom + / l(v /87 Aa ﬁ) lﬁ(v ﬁa A)p(v 67 A)d/"Ldom 5
where lﬁ(; B3, A) is the ordinary score function for 5. For 5 = By and A = Ay we then have:
/k(';ﬂOaAD)p('§ﬁOaAO)d,udom = —/l.(';ﬁo,l\oaﬂo) 15(-5 Bo. Ao) ™ p(+5 Bo, Ao)dpdom

. \T
= —/lo (10+lﬂ(‘§,307A0) —lo) Po dftdom
T

since Iy L ig('; Bo, Ao) — lo. This completes the proof of the claim.

Now from (4.19) and the display following it, we have,

—VN My (B — o) = Vn(Bn—Po)lo+o0p(1)
= VnP,ly+ op(1)

22



and this can be rewritten as
vn <ﬁn - 50) = —M,'"WnP,ly— M, 0,(1)
= I;'nP, I+ op(1)
by Slutsky’s theorem, completing the proof of asymptotic efficiency.

Hence, facts (3.10) and (3.12) are established. The asymptotically linear representation for
B, and the limiting y2 distribution for lrtbetag may be established by similar steps. Some
additional care needs to be exercised, since the parameter space for A is now restricted by fixing
the value at the point zp. Roughly the intuition is the following: The unconstrained MLE of 3, is
/n—consistent and asymptotically efficient for the given model. The unconstrained likelihood ratio
statisitic for testing 8 = [y, which we denote by Irtbeta,, is asymptotically x2. These properties
will be preserved even when we compute the above statistics under the single (true) constraint that
A(z0) = 0p. In fact, the same asymptotic representations for the above statistics will continue to
hold when we constrain A at finitely many points. Note however, that the limit distribution of the
MLE will generally be affected under infinitely many constraints on A. This is easily seen when we
constrain A on the support of Z. In this case A is completely known and the asymptotic variance
of 3 is the inverse of the ordinary information for 6 as opposed to the efficient information. O

Proof—sketch of Theorem 3.2: The proof of this theorem relies on extensive use of
“switching relationships” which allow us to translate the behavior of the slope of the convex
minorant of a random cumulative sum diagram (this is how the estimators 1,27({6 °) and 1[}7(15 8) are
characterized) in terms of the minimizer of a stochastic process. The limiting behavior of the
slope process can then be studied in terms of the limiting behavior of the minimizer of this
stochastic process by applying argmin continuous mapping theorems. Switching relationships on
the limit process allow interpretation of the behavior of the minimizer of the limit process in
terms of the slope of the convex minorant of the limiting versions of the cumulative sum diagrams
(appropriately normalized).

The first step is to establish finite-dimensional convergence of the processes (U,(h),Vy(h))
to (gayb(h),ggb(h)). Thus, it is shown that for any (hq, ha,. .., hi), the random vector

({0 Vs AV (hi) Y ) —a ({gan(hi) Hs, {020 (B YL )

in the space R?*. Next, to deduce the convergence in Ly [~ K, K] x Lo[— K, K] note firstly that U, (h)
and V,(h) are monotone functions. Now, given a sequence (¢, ¢r,) in Lo[— K, K] x Lo[— K, K| such
that v, and ¢, are monotone functions and (¢,,,) converges pointwise to (¢,1) (where (¢, )
is in Lo[—K, K| x Ls|—K, K]), we can conclude that (¢, ¢n) — (¢, ¢) in Lo[—K, K| x Lao|—K, K|
. It follows, in the wake of distributional convergence of all the finite - dimensional marginals of
(Un, V) to those of (ga,b(h),gg’b(h)), that

(Un(h), Va(h)) —a (gap(h), gap(h))
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in Ly[—K, K| x La[—K, K| (this parallels the result of Corollary 2 following Theorem 3 of Huang
and Zhang (1994)).

In the remainder of this proof we will sketch the proof of convergence of U,(h) to gqp(h)
for any h; the general proof of finite-dimensional convergence is cumbersome to write out and
contains minor extensions of the ideas expounded here. In what follows, we denote @Zq(f o) by .
For a fixed 1 we define the following processes:

)  exp(0(2) + AT X)
Wanp(r) = Bn KA T+ exp(0(2) + T X)) HZ = ”} ’

- = exp((Z) + B X) .
Gust?) =% (et + 07) 14 7)

and

By (r) = Wi u(r) + /0 B(2) d G ().
We will denote by W,,, G,,, B;, the above processes when ¢ = 1[1

We can now use “the switching relationship” for the unconstrained MLE 1;(,2) to get:

Y(2) < a <« argmin,~q [By(r) —aGn(r)] > Z, (4.20)

where Z, is the largest Z value not exceeding z. By argmin we denote the largest element in the
set of minimizers. This can be chosen to be one of the Z;’s. The above equivalence is a direct
characterization of the fact that the vector {@(Z(i))}?f:l is the vector of slopes (left—derivatives) of
the cumulative sum diagram formed by the points {G,,(Z(;)), Bn(Z(;)) }i—o, computed at the points
{Gn(Z))}iz1- The easiest way to verify this is by drawing a picture.

Now, Uy, (ho) = n'/3 (¢(z0 + hon/3) — ¢g(20)). We want to find
limy, o0 P (n1/3 (1;(2/0 + ho n—l/S) - %(Zo)) < .Z') :

Now, define .
Ap = {n'? ({20 + hon %) — vo(2)) < 2}

Consider the event A,,. We have

3 ((zo + hon V3) —4ho(20)) <& & (20 + hon V3) < o(z0) + xn /3
& argmin, | Bu(r) — (bo(z0) + 2n~) Gu()] 2 Zioyingnvn

< argmin, [Vn(r) —zn /3 Gn(r)} 2 Z(oothon—1/3) 5
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where the second bidirectional implication in the above display follows from the first on using
(4.20), and V,,(r) = B, (r) — ¥o(20) Gn(r). Thus,

A, = {n1/3 (argrninr [Vn(r) —gn /3 Gn(r)} - zo) > pl/3 (Z(204hon—1/3) — zo)}
= {argminh [Vn(zo +hn Y3 —zn 3 G20 + hn_l/S)} > ho + op(l)}
= {argmin, M, (h) — 2 Gp(h) > ho+ 0p(1)} ,

where

M (k) = n2* [Va(zo +hn™%) = Vi (z0)|

and

G (h) = n'/3 [Gn(zo +hn~Y/3) - Gn(zo)} .

The process M, (h) — 2 G,,(h) converges in the space Bj,.(R) (here Bj,(R) is the space of real-
valued functions on the real line that are bounded on every compact set and equipped with the
topology of uniform convergence on compact sets) to the process L(h) = a W (h)+bh?— 2 C(z) h.
Here @ = /C(z), b = ¥)(20) C(20)/2 and W (h) is a fixed two-sided Brownian motion process
starting from 0. This result is obtained by using the fact that the process M, (h) converges to the
limiting process a W (h) + bh? under the topology of uniform convergence on compact sets. The
convergence of M, (h) can be deduced from the convergence of the process

Pﬂﬂlio (h) =n?/3 [(Bnﬂ/)o (ZO + hnil/g) - Bn,l/)o (20)) - 1/}0(20) (Gn7¢0 (ZU + hnil/g) - Gn,wo (ZO))]

to aW(h) + bh? along with the fact that SUPhe—m,m] | V(20 + hn13) —4hg(20) |= Op(n=1/3)
which entails that supye_g k) | Py (R) — My, (h) |, 0, for every K > 0. Furthermore, the

process G, (h) converges uniformly in probability on every [—K, K| to the deterministic process
C (Zo) h.

The convergence in distribution of argmin, M, (k) — z G, (h) to argmin, L(h) is accomplished by
appealing to an appropriate argmin continuous mapping theorem. The key facts that guarantee
the convergence of the minimizers are (i) the fact that the limiting process possesses a unique
minimizer almost surely and (ii) the minimizers of the finite sample processes are tight. This
involves application of an appropriate “rate theorem” for minimizers of stochastic processes (for
example Theorem 3.2.5 or Theorem 3.4.1 of Van der Vaart and Wellner (1996)). The computations
are tedious but straightforward and skipped here. For a flavor of the key steps involved in
establishing tightness, we refer the reader to Section 3.2.3 of Van der Vaart and Wellner (1996) and
in particular Example 3.2.15 (current status data) which is naturally related to binary regression.

It follows that

limy, oo P (02 (¢(20 + hon™3) —4o(20)) < &) = P (argming a W (k) + bh? — 2 C(z0) h > hg) .
(4.21)
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We now use the switching relationships on the limit process. From the work of Groeneboom (1989)
it follows that

argming a W (h) +bh? — 2 C(20) h > ho < g, 5(ho) < © C(20),
with probability one. Therefore,
limp, oo P (n'/? (4(20 + hon™ /%) = 4o (20)) < @) = P (g, 5(ho) < zC(20)) .

On noting that: X
C(z0) (9&:5(')’92,5(')) =4 (9a,6(-): 9ap("))

with a and b as defined in the statement of the theorem (this follows readily from Lemma 3.1). O

4.1 Further Details About The Unconstrained And Constrained MLEs From
Section 2

Details of the “self-consistent” characterization of ﬁ,(f ) in Section 2: As in Section 2,

we denote the function g(3,u) in the discussion that follows by £(u). This is strictly convex in

u = (uy,us,...,u,) and for simplicity we denote ﬁ,(lﬁ ), its minimizer over the region C := {u :

ur <wug < ... < wu,}, by G (suppressing the dependence on n and 3). Let v7;£(u) denote the j’th
partial derivative of £ with respect to u. Using the Kuhn—Tucker theorem for optimizing a convex

function over a closed convex set, we find that & = (41, 4o, ..., Uy,) is uniquely characterized by the
conditions:
n
> vig@) =0 for i=1,2,...,(n—1) (4.22)
j=i+1
and

n

> vjg) =0. (4.23)
j=1

Consider now, the following (quadratic) function £(u) =
2 lu—a+K! \Y f(ﬁ)]T Ku—a+K"! v &) where K is some positive definite matrix.
Note that Hess(¢) = K which is positive definite; thus £ is a strictly convex function. It is also
finite and continuously differentiable over R”. Also, 7 £&(u) = K (u —a+ Kty f(ﬁ)) Now,
consider the problem of minimizing §~ over C. If u* is the (unique) global minimizer, then necessary
and sufficient conditions are given by conditions (4.22) (for i = 1,2,...,n — 1) and (4.23), with ¢
replaced by ¢ and 1 replaced by u*. Now, 7 £(1) = w7 £(i), so that the vector @t € C does indeed
satisfy the conditions (4.22) (for i = 1,2,...,n — 1) and (4.23), with ¢ replaced by ¢. Tt follows

that 1 is the unique minimizer of £ over C, i.e. u* = 1.
It now suffices to try to minimize é; of course the problem here is that @ is unknown and

é is defined in terms of G1. However, an iterative scheme can be developed along the following
lines. Choosing K to be a diagonal matrix with the ¢,7’th entry being d; = W &(a) (K
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thus defined is a p.d. matrix, since the diagonal entries of the Hessian of & at the minimizer
u, which is a positive definite matrix, are positive), we see that the above quadratic form
reduces to n(u)/2 where n(u) = Y7 [u; — (4 — Vi{(ﬁ)di_l)]Q d;. Thus, 0 minimizes n(u)
subject to the constraints that u; < we < ... < wu, and therefore furnishes the isotonic
regression of the function h(i) = @ — v;&(d)d;' on the ordered set {1,2,...,n} with
weight function d;. From the theory of isotonic regression, it is well known that the solution
a = (Uy,4s,...,u,) = slogem {Z;Zl d; | 22:1 h(7) dz}n o This representation leads to the
MICM as outlined in Section 2. -

Implications of the self-consistent/self-induced characterization of ﬁ%ﬁ ): Recall

that @) = (a\"),al”),...,al). Let By, By,..., By be the unique partitioning of 1,2,...,n
into ordered blocks of indices (say By = {1,2,...,l1},Bs = {l1 + 1,l1 + 2,...,l2} and so on)
such that, for each ¢, for all j € B;, 115[2 equals w;, with the common block values, the w;’s,

satisfying w; < wg < ... < wg. Since the ﬂg{g’s are increasing in j, this is possible. An important

consequence of the self-consistent characterization is the fact that each w; can be written as a
weighted average of the h(j)’s for the j’s in B;, with the weights given by the d;’s. The B;’s are
called the level blocks of ﬁ%ﬁ ) and the w;’s are called the level values.

We now introduce some notation that will be useful in the proof of Theorem 3.3. Denote
(A, Ri(B),t) by ¢ip(t) and its first and second derivatives with respect to ¢ by ¢f 5(t) and

;’ B(t)‘ Identifying the function &g with the vector u(ﬂ ) in the usual fashion, we can write
k 1o 7(8) "
A & 5(bn” (Z3))) -
w,(L = slogem Z ¢Z,5 "lﬂn Zw)) Z - W ¢le Wﬁﬂ)(Z@))
i=1 =1 i,ﬁ(wn ( (1))) k=0

Hence, we can write w; as

> keB, {1/37(15)(2(1@))¢Z,g(1ﬁ§bﬁ)(z(k))) - 2,/3(%6)(2(@))}
Shen, a0 (Z)

=pP(2;)) = for j € B;. (4.24)

Further details about ﬁif 8: The vector uglg, which we identify with wno (as explained in
Section 2) also has a selffconsistent/selffinduced characterization in terms of the slope of the

greatest convex minorant of a random function. This follows in the same way as in the case

of uT(«L) by formulating a quadratic optimization problem based on the Kuhn-Tucker conditions
for the corresponding minimization problem. We skip the details but give the self-consistent
characterization. As before, we abbreviate g(3,u) to {(u), suppressing the dependence on (3.
- (8)

n,0

We also abbreviate w' ) to ("), For each i, set dj = &), Then, a(® minimizes,

2
Aur,ug, ... up) = >0y [ul - <ﬁ§0) - vif(ﬁ(o))di_l)] d; subject to the constraints that u; <

U < oo < Uy <0 < umgr <. < uy. Let 31,32, ... ,El denote the level blocks of ﬁv(f()) and let

27



{12)1-}2:1 denote the corresponding level values. Then, as long as w; # 6, it can be written as
e, (o (Zw) (i (Zwy)) — B 5 (0 (Z))}
Ykes, W)(Zm )

This representation is once again, a direct outcome of the self-induced characterization, and will
prove useful in what follows.

5 =9 (Zy) = for j € B;. (4.25)

4.2 Proof of Theorem 3.3

The likelihood ratio statistic of interest can be written as

lrtpsin = 2 (ln(ﬁna &n) — 1y (Bn,Oa 7]}11,0))

= 2(1(Bo, D) — 1a (B0, B8)) + 2 (La(Brs n) — La(Bos D)) = 21 (Bns0s Pn0) — Ln(Bo, DY)

It will follow from Theorem 3.1 that

Ry = 2 (In(Bn, ) = (B0, ) = 200 (B0, $100) = tn(Bo, 9111)

is op(1) whence it suffices to find the asymptotic distribution of

Cr = 2 (1 (Bo, D) — 1 (Bo, 915

This is precisely the likelihood ratio statistic for testing 1(zg) = 0y holding £ fixed at its true value
Bo. We can write C), as,

Co=2 > ¢(Auy, Ri(Bo), 8 (Z qu @) Ri(50), 97 (Z(3)))
=1

where ¢ is as defined in (??). For the sake of notational compactness, in the remainder of the

proof, we will write v /60)( Z(i) as 1;(2(,-)), 1&7(50)( (i) as 1/10( i), and d(Ag), Ri(Bo),t) as ¢i(t).
Furthermore 9/9t ¢(A 4(60) t) will be written as ¢;(t) and so on. The set of indices ¢ on which

qﬁ(Z(Z ) and 1/10( i) d1ffer is denoted by J,. Now, C,, = —2T,, where

T, = Zcm(u?( Zcm do(Z)))
= Y 6ild(Zy)) Zdwo

i€Jn 1€Jn
= Y 6i(vho(20)) [(V(Zay) — vo(20)) — (Po(Z(s)) — to(20))]
i€Jn

+ Z %Gﬁg(@/}o(zo)) {(&(Z(i)) —o(20))? — (Yo(Zs) — wo(zo))Q] + Ry
i€Tn
Tn,l + Tn,2 + Rn )
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by Taylor—expanding ¢;(t) around y(zp). Here,

=y 1¢m (2 <¢( — %o Zo) > 1¢,,, bo(Zi)*) (1/10( i) — wo(zo))?)

’LeJn ’LEJn

(where 1[1(2(1-))* is some point between 1[1(2(1-)) and p(zp) and 1/;0(2(1-))* is some point between
1/;0(Z(1 ) and wo (20)) and can be shown to converge to 0 in probability by using the facts that (a)

" "

subies, | 6 (V(Z)*) | and supe, | 67 (Yo(Z))*) | are Op(1), (b) sup.ep, | ¥(2) —o(z0) | and
Sup,ep, | Yo(z) — T/JO(ZO) | are O,(n~'/3) where D,, is the set on which ¢) and v differ, and (c) the
length of D, is Op(nfl/ 3). Now consider T}, 2. Once again, by Taylor expansion, we have

S 5 6 Woz0)) [(B(Z) ~ vo(z0))? ~ (ol Zgo) — vo(z0))’]

1€Jn

= Z 1(25”(?/7( aN(Z3)) — to(z0)]° — Z %¢;/(1ZO(Z(¢)))[@EO(Z(¢)) —o(20)]?
o o +op(1) . (4.26)
Now consider,
Toy = Z; #:(1h0(20)) (¥ (Z(3)) — vo(20)) ZJ: $:(th0(20)) ($0(Z(s)) — tho(20)) = S1 — S

Consider the term S5. Note that for each i € J,,, we can write:

d3(1ho(20)) = d3(Po(Z3y)) + (Yo(20) — ¥0(Zi))) é; (Yo(Zi))) + ; &5 (%o(Zi))**) (o(20) — 10(Zi)))?

where zﬁo(Z(i))** is a point between 1/;0(Z(i)) and 1o(z0). We then have,

Sy = ) [Qﬁ(iﬁo(Z(i))H(@bo(Zo) Yo(Zi)) 6; (o(Z ))+1¢f/(¢o( Z(1))"*) (4o(z0) = do(Z())?

i€Jn
= < (Po(Z)) — o(20))
= Y [6i0(Zw) + (Wolz0) = Fol(Z) & (Fo(Zw))]| (o(Ziey) = vo(z0)) + 0p(1)

i€Jn
_ // ¢;(¢~}0(Z(z))) . 5 ] - 7. — p on(1
g}:ﬂ i (Vo(Z bo(Zg)) — o G0l Z)) Yo(20) | (¥o(Zi) — Yo(20)) +0p(1),

where the fact that the term involving gb;" is 0p(1) is deduced by arguments similar to those needed
to show that Ry, is 0,(1). Now, let BY, B, ..., BY denote the level blocks for 1/10( 7)) that constitute

29



Jn, with level values w9, wY, ..., w? and suppose that w? = 1p(20) = 6p. Then,
¢:(Po(Z(3))) ) " -
2+ 0p(1) ; 1: EB [ (%( i) 7 G0 Za) Yo(z0) ¢; (Yo(Z(3)))

< (Yo(Z)) — vo(20))
r , wo "
= -2 [¢2’<w?> (w? - ;’f((wo))> —to(z0) ¢ <w§’>] (w? ~ to(z0))

j=1 ieB;

= =D (W) —vo(z0) | D (85 () w] = di(w))) —to(20) D & (qu)]

j#l _’iEB]‘ 1€B;

- _ 0_ "0 Ziij (¢N (w?)w? - ¢;(w?)) _
— ;(wj Yo(20)) (ZGZB ¢; ( j)) [ Sen 77 () o o)”

= =) > ¢ (@) (wh —o(20))?,

J#l i€B;

where this last step follows from the following observation: If B’ is a level block for vy contained
in J,, with level value w(®, then

0) _ Dken (w® )¢”( ) - ¢ (w®))
wV = - .
Yken G (w®)
provided w(® £ @,. This is a direct consequence of the representation (4.25). It follows that
SotopD) = =33 6 (w)) (W) — go(z0))?
];él i€B;
= 72 > ¢y (wf) (W) —o(20))?
j=1ieB;
= —Z > s (Wo(Za) (Wo(Zy) — tho(20))
j=1ieB;
= = ¢ (Wo(Z) (Wo(Za) — to(20))?.
1€Jy
It is similarly established (using (4.24)) that
S1+0p(1) = = Y & (¥(Z) ((Zs) — thol20))° -
’LEJn

It follows that
Toa=— Y ¢ (W(Za) (D(Za) — vo(20)* + > & Wo(Z) (Wo(Za) — o(20))? + 0p(1) -

’LGJn lee]n
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Now, on using (4.26) and the fact that R,, is 0,(1) we get

T, = Tn,l + Tn,2 + Op(l)

- iezqu;’(z/?(Z(i)))(qz?( ) — o(z0)) ZJ@ Jo(Z0)) (ol Ze) — Yo(z0))? + 0(1),
whence n -
Co = 2= 3 61160) ((Z10) ~ oleo) — 6] Gol) (o)~ +en()
- T (5l Z) 5110) () T (0l 200 Gl — a0 + ).
T =
20D = [ it
whence
Co = X ) [10(200) ~ tnta? = (i) ~ )] + 1)

1€Jn
= n'3 (B — P)&u(6,2,2) + 0P P& (8,2,2) + 0p(1)

where PP, is the empirical measure of the observations {A;, Z;, X;}?' |, P denotes the true underlying
distribution of (A, Z, X), &, is the random function given by

exp(¥o(2) + 65 «)
(1 + exp(o(2) + G5 ©))?
We are using operator notation here for expectations; thus P, g denotes the expectation of g under

the measure P,, and P g denotes the expectation of g under the measure P. The function g is
allowed to be a random function. Now,

&n(0,2z,2) =

[(2(5(2) = o (20)))? = (n*/* (Fo(=) = wo(z0)))?] 1(z € D).

3 Py — P)&u(6, z,2) = n~ Y0 /n (P, — P)£n(6, 2, 2) .

Using the facts that (i) D, is eventually contained in a set of the form [z9 — M n=Y3, 29 + M n=1/3]
with arbirtrarily high preassigned probability (ii) the processes U, and V;, are Op(1) on compacts
and monotone increasing, along with standard preservation properties of Donsker classes of
functions, it can be argued that with arbitrarily high preassigned probability, the function
£n(0,z,x) lies in a Donsker class, whence it follows that /n (P, — P)&,(d,z,2) is Op(1);
consequently n'/3 (B, — P)&,(6, z, ) is Op(n~'/%) and hence o,(1).

To find the asymptotic distribution of C, we can therefore concentrate on the asymptotic
distribution of
1/3 _1/3
n/° P& (0,z,x) =n'° P [h(z,x) Kn(z)]
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where

Ka(2) = |(n/3((2) = bo(20))* = (0 (W (2) = o(20)))?] 1(Z € D)
and
exp(io(z) + A @)

"M T) = ep(ol) + AT D)

Thus,
n'3 P8, z,2) = n'BP[K,(2)h(z,2)]

= pl/3 ; Ko(2) E(WZ,X) | Z =2) fz(2)dz

= 23 | Ku.(zo+hn V3 w(z +hn 3 fz(20 + hn~ /) dh
DTL

where h = n'/3 (z — 2y), D,, = n'/3(D,, — 29) and w(z) = E(h(Z,X) | Z = z). Now note that,
K (20 +hn™'/3) = (U2(h) — V;2(h)) 1 (h € Dy,)

where Dn is the set on which U,, and V,, differ. Now, note that w is continuous in z and is given
by:

el + ) fea)
= | i) L T )

On using the facts that D,, is eventually contained with arbitrarily high probability in a compact
set and the boundedness in probability of the processes U, and V,, on compacts along with the
continuity of the functions w and fz, we get,

' P&a(6,2,a) = / w(z0) fz(20) (U5 (h) = Vi (h)) dh + 0p(1).
But C(z0) = w(20) fz(20) = 1/a® where a is as defined in Theorem 3.2. An application of Theorem

3.2 and Slutsky’s theorem yields

WP (6 za) a5 [ ((00s(W)? = (684(1))%) dh,

and the fact that
1
a2

((9a,6(h))? = (90.6(2))?) dh = / ((91.1(h)* = (911(2))?) dh =D

follows as a direct application of Lemma 3.1 followed by the change of variable theorem from
calculus.

It remains to show that
Rn = 2 (ln(ﬁna 7wzn) - ln(ﬁOv Ago)) - 2(ln( An,Ou An,O) - ln(ﬁOa '922?0))
= 2 (ln(Bna An) - ln(ﬁOa AQO)) - Q(Zn( 1,05 An,O) - ln(ﬁO» Ag?o))



is 0,(1). This is precisely Irtbeta,, — Irtbetal. From Theorem 3.1 we get:

Irtbeta,, — lrtbetag = n (Bn — Bo)t I (ﬁAn —0Bo) —n (Bn — Bo)” Iy (Bn — Bo) +op(1)
= n (Bn - Bn)T INO (Bn - /én) +2n (Bn - /BO)T I~0 (Bn - /én) + Op(l)
= \/H(Bn - Bn>T fO \/ﬁ (Bn - Bn) +2 \/ﬁ (Bn - ﬁO)TjO \/ﬁ(ﬁn - Bn) + Op(l)
= I, + 11, +o0y(1).

The fact that I, is 0,(1) follows from the observation that /7 (8, — () = 7 — 8, which is 0,(1)
(by Theorem 3.1). The fact that I1,, is 0p(1) follows on using the facts that VT (Bn — Bn) is op(1)
and that /n (8, — Bo) is Op(1). O
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