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Abstract

Statistical Issues in Texture Analysis
by

Elizaveta Levina

Doctor of Philosophy in Statistics

University of California, Berkeley

Professor Peter J. Bickel, Chair

Statistical framework and analyses are developed for several texture problems with the
goal of justifying heuristics and proposing improvements. The popular non-parametric
resampling algorithm for texture synthesis is formalized in the context of bootstrapping
stationary mixing random fields. It is shown to produce consistent estimates of the joint
distribution of pixel intensities in a window of a specified size. An explanation is suggested
as to why estimating this distribution correctly leads to perceptually good results of texture
synthesis.

Texture classification is often based on comparing distributions of responses to a
filter bank. A heuristic distance on histograms previously designed for that purpose, the
Earth Mover’s distance, is shown to be equivalent to the Mallows metric on probability dis-
tributions. Various ways of computing this distance are compared, and using the empirical
distribution estimates of filter marginals is found to give the best results. An approximation
to the Bayes classifier based on empirical filter marginals is derived using nearest neighbor
density estimation. This rule produces significantly more accurate classification than the
Mallows-based similarity measure. A connection between the rule and the Mallows distance
is demonstrated, which leads to deriving an improved texture similarity measure. Reducing
the dimension of texture filter responses by projecting filter marginals onto low-dimensional
manifolds by the Locally Linear Embedding algorithm is discussed, and it is shown that
classification accuracy can be increased by projection onto a manifold of a suitable dimen-
sion. This may also explain why nearest neighbors methods work well here, since manifold

projections preserve nearest neighbors distances.



In the approximate Bayes rule the filter marginals were assumed independent. The
independence assumption is justified asymptotically for the classical case of discriminating
between two multivariate normal populations. It is shown that when the number of param-
eters and the number of observations both go to infinity, and their ratio does not go to 0,
the classifier based on assuming a diagonal covariance matrix has smaller worst-case error
than the one based on estimating the full covariance matrix. The proof is based on results

on the asymptotic behavior of extremum eigenvalues of Wishart matrices.

Professor Peter J. Bickel
Dissertation Committee Chair
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Chapter 1

Introduction

Statistical methods have been successfully used for years in many areas of computer vision.
Texture analysis is a particularly natural area for applying statistical methods because of
the stochastic nature of texture variations, not necessarily present in other real images.
While many texture algorithms used in computer vision are deterministic and based on
heuristics rather than probability models, we found that a statistical framework can help
to understand, justify, and improve such algorithms. In turn, issues arising in texture algo-
rithms can lead to questions of general statistical interest with applications to many areas
other than texture analysis. The goal of this thesis is to explore the link between statis-
tics and texture analysis and develop adequate statistical theory for some of the heuristic

methods while contributing practical improvements to these algorithms.

Chapter 2 is devoted to texture synthesis. There we study a simple heuristic texture syn-
thesis algorithm [33] which produced very good visual results but had no theoretical justifi-
cation. We formalize the algorithm in the framework of resampling from stationary random
fields and show that it produces consistent non-parametric distribution estimates under
mixing conditions. We also propose a possible explanation of why consistent estimates of

the joint distribution in a texture patch may lead to perceptually good results.

Chapter 3 discusses metrics on probability distributions and texture classification. We
give a probabilistic interpretation of the Earth Mover’s distance, a heuristic distance on

histograms designed and used exclusively for vision tasks, by showing it is equivalent to



the Mallows distance on probability distributions. Then we derive a rule for texture clas-
sification based on non-parametric approximations to the optimal Bayes classifier, which
provides a significant improvement in texture classification accuracy over the rules based on
distribution metrics. We also demonstrate the connection between our approximate Bayes
rule and the Mallow distance, and suggest an improved texture similarity measure based

on this link.

Texture data are extremely high-dimensional, and two different ways of reducing the size
of the classification problem are discussed in Chapter 4. Projecting the data onto a low-
dimensional manifold is a new method for dimensionality reduction, which is shown to
improve classification accuracy when the manifold dimension is chosen carefully. We also
show that the feature independence assumption made in order to derive the approximate
Bayes rule is a legitimate way of reducing the size of the problem when the correlations
between features cannot be estimated reliably. Treating this problem from the classical
discriminant analysis point of view, we show that, for classification into two multivariate
normal populations, the classifier based on assuming independent components has lower

error when the number of components is large relative to the number of observations.

The remaining sections of this chapter provide the necessary computer vision background.
The purpose of the background sections is to make the thesis self-contained for a reader
with no computer vision background; therefore, we only cover the topics relevant for the

later chapters. A thorough overview of texture analysis can be found, for example, in [96].

1.1 What Is Texture?

Texture is one of the central concepts in computer vision, and we constantly encounter
examples of textures in the real world; yet it is surprisingly difficult to define. There is
no generally accepted definition of texture in the computer vision literature, but we all
recognize texture when we see it, so we start from several examples of textures shown in
Figure 1.1 — pebbles, flowers, animal skin, and basket weave. We can see that textures are
patterns repeated at one or more scales with more or less regular periodicity, but whose
building blocks exhibit local stochastic variations. Depending on the size of these variations,

textures range from purely stochastic, such as white noise, to purely regular, such as chess-



Flowers

Animal skin Basket weave

Figure 1.1: Examples of textures

board. Others examples of textures include fabric, wallpaper, sand, waves, human skin, and

newspaper text.

Texture, unlike color and brightness, is a spatial property: a single pixel has no texture.
It is also a property that exists only in reference to some scale: for any surface, there is
a scale at which it has no texture. Textures in images are visual and may result either
from physical tactile properties of the surface such as bumps and valleys, or from pure
reflectance differences such as color on a smooth surface. With a little bit of practice,
textures become very easy to recognize, even though we may never arrive at the precise

mathematical definition of what they are.

1.2 Main Problems and Applications of Texture Analysis

Texture analysis is a very important area of computer vision, since virtually every real im-
age contains texture and therefore it becomes a necessary component of most vision tasks.

Texture analysis is also a productive research area in its own right. There are four areas



one can identify as the main problems of texture analysis: texture synthesis, classification,
segmentation, and shape from texture. The latter is the problem of determining surface
shape or orientation from texture distortion; neither this nor other three-dimensional prob-
lems will be discussed in this thesis. The other three areas normally study two-dimensional

textures, which will be the focus of this work as well.

Texture synthesis is a problem of producing a new texture image which looks like a
given texture, but is not exactly the same. This problem is perhaps more important in
computer graphics, where one frequently needs to paint texture on surfaces to make them
look realistic. Applications of this may be, for example, designer’s databases, where one
may want to see how a particular piece of furniture looks covered in a given fabric. It is
also used in image compression, because it is enough to store just a small sample of texture

if one can synthesize more of it when needed.

There exists a large number of texture synthesis algorithms, to be reviewed in Chapter 2.
There is one important element, however, that they all have in common: the criterion of
success. To the best of our knowledge, the performance of all texture synthesis algorithms
in computer vision literature is judged by eye, i.e., by whether the synthesized texture
appears similar to the original to a human observer. The results are usually presented for a
selection of textures which tends to vary between researchers, although in recent years it has
become more common to report results for very large collections of textures. This process
is naturally somewhat subjective, and hard to analyze, but no quantitative measures exist

an this point that would come close to a human performance.

Texture classification is another important problem in texture analysis, where the task
is to assign a new texture image to one of previously known texture classes. Texture classi-
fication has a wide range of applications. It has been used in quality control for detecting
lumber wood defects [15], defective car paint [48], and carpet wear [88]. Applications in
medical imaging include pulmonary disease classification [93], diagnosis of leukemic malig-
nancy in samples of stained blood cells [43], and analysis of ultrasound images [13, 47].
Perhaps the most extensive application is remote sensing, where information about land
use, types of vegetation or waters, etc. is obtained from aerial photographs or SAR images

30, 42, 85].

Unlike texture synthesis, texture classification algorithms have a quantitative measure of



success: classification error rates on commonly used databases. Although there is no uni-
versal comparison methodology, error rates still provide for more objective evaluation than
human perception. The use of error rates as the measure of success also allows us to look
at texture classification as the usual statistical classification problem, and in general makes

it more tractable.

The task of texture segmentation is to find the texture boundaries in an image containing
several types of textures. It is normally assumed that no information is available about
the types of textures in the image, although texture segmentation may often be followed
by classification, for example, in remote sensing applications. The performance of texture
segmentation algorithms is usually evaluated by eye, although recently a database of human
segmented natural images became available for testing general segmentation algorithms [66].
Texture segmentation will not be directly addressed in this thesis, although many of the
techniques proposed in Chapter 3 for texture classification may be applied to segmentation

as well.

1.3 Human Perception of Texture

Since human perception is the main way of evaluating texture algorithms, understanding it
is very important for texture analysis. Texture discrimination is a primal perceptual task
— detecting a predator in the foliage is essential for survival. This subject has been studied
intensively by vision psychologists and neuroscientists in the past few decades, yet we are

far from knowing exactly how the brain perceives texture.

Julesz pioneered the study of human pre-attentive texture discrimination in the 60s and 70s
[50, 52, 51]. His original conjecture was that textures appear indistinguishable to humans if
they have identical first- and second-order statistics. By first-order statistics he meant the
distribution of a single pixel’s intensity over the image, and by second-order statistics the
joint distribution of pairs of pixels “at the ends of randomly thrown needles of all possible

lengths and orientations” [51].

Counterexamples to the original conjecture were constructed by Julesz himself [52] and by

others. The two texture pairs in Figure 1.2 are typical of these examples. They both have
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Figure 1.2: Examples of texture pairs with identical second-order statistics

identical second-order statistics, but in pair (1) the top and bottom halves look indistin-
guishable, while in (2) they are very easy to discriminate. The textures in the second pair
differ in local features Julesz called textons, such as the number of terminations and clo-
sures. The conjecture was updated to make texture discrimination dependent on textons
as well [51]. In either form, the Julesz conjecture was designed for artificial textures made
up of black tokens, like the ones shown in Figure 1.2, and it is not clear how to extend it

to natural textures.

Interestingly, Diaconis and Freedman [28] contributed to this area by showing how to gen-
erate random binary images with identical first-, second-, and third-order statistics that are
visually different. They also gave a more precise definition of what it means for two random

binary (or discrete-valued) matrices to have identical kth-order statistics:

Definition. Let X and Y be two random matrices, and let F be a finite set of indices (3, §)

with k elements. Let A and B be the events

A = {Xijzéij forall(i,j) inF}
B = {Yijzéij forall(i,j)inF}

Then X and Y have the same kth-order statistics if and only if P(A) = P(B) for all

choices of the values § and the index set F'.



The term kth-order statistics is often used to denote the joint distribution of k£ adjacent
pixels. When textures are viewed as random fields on a lattice, they are often assumed
stationary and Markovian, in which case the distribution of k£ pixels in the Markov neigh-
borhood determines the whole distribution. One can then give a modern interpretation to
the Julesz conjecture: kth-order statistics for some k should match in order to make two

textures appear the same.

Another view of texture perception, and the one perhaps most generally accepted nowadays,
is that the cells in the visual cortex respond to primitive stimuli like bars, edges, dots, etc.,
at different frequencies and orientations. In fact, psychophysical and neurophysiological
experiments suggest that the brain performs multi-channel spatial frequency and orientation
initial analysis of any image formed on the retina (not just texture). For instance, De Valois
et al. [25] studied the brain of the macaque monkey which is assumed to be similar to
human, and concluded that visual cortex cells are tuned to narrow ranges of frequency and
orientation. In the famous cat experiment of Hubel and Wiesel [46] it was demonstrated
that these cells are developed after birth as response to the types of stimuli encountered in
the real world. In this experiment, a kitten was brought up in special glasses that did not
allow it to see any vertical lines. When the glasses were removed, the cat still could not see

vertical lines — the corresponding cells never developed.

These and other similar findings inspired the multi-channel filtering approaches to texture
analysis. Texture discrimination here depends on distributions of filter responses in the
textures, and the boundaries correspond to sudden changes in the intensity of “firing” of
some (not necessarily all) filters. A comprehensive texture perception model based on this
idea was proposed by Malik and Perona [60], and many filter-based methods were developed,
to be discussed in the next section. Note that this view does not contradict the claim that
the joint distribution of k£ neighboring pixels determines texture appearance: the joint
distribution of pixel intensities in the filter support window determines the distribution of
filter responses. In our view, these two interpretations complement each other, and we will

use both throughout this thesis.



o

25

Figure 1.3: A typical Mexican hat filter: 3-D and 2-D views
1.4 Some Tools of Texture Analysis

In this last section, we give a brief introduction to two topics that appear frequently in
texture analysis literature and will be used later on in this thesis: image representation in

terms of filter responses and Markov random fields.

1.4.1 Multi-channel Filtering Techniques

The psychophysical studies discussed above suggest that representing an image by its re-
sponses to filters tuned to specific frequencies and orientations parallels the image processing
done by human brain. A typical filter may look like the one shown in Figure 1.3. The sup-
port of a filter is normally much smaller than the size of the image, and responses to the
filter at each pixel location are obtained by convolving the filter with the image. The filter
shown in Figure 1.3 is a “line” filter, and it will give a high response where there is a line in
the direction of the filter and the image changes from light to dark and again to light. Other
typical filters are odd-symmetric elongated edge filters which pick up the change from light

to dark, and symmetric dot filters.

The consensus in the vision literature seems to be that the exact functional form of the
filters does not matter, as long as they represent typical features like lines and edges at

multiple scales and orientations [35]. Specifically for texture classification, Randen and



Husoy [79] compared a large number of filter banks and found no significant differences in
their performance. One of the most popular filter bank choices are Gabor filters, which are
Fourier transforms weighted by a Gaussian window. They come in pairs

72 %
Gi(z,y) = cos(kiz + koy)exp <_ﬁ — @)

z? y?
Go(z,y) = sin(kiz + koy) exp <_ﬁ — Q)

where (G1 picks up even-symmetric features, and Go the odd-symmetric ones. These base

filters are constructed for several scales and rotated to obtain several orientations.

Another popular choice is the derivatives of Gaussian filter bank, consisting of first and
second derivatives along one direction of the two-dimensional Gaussian
2 2
G(z,y) = exp <_;T% — 2%7%) .

Here the first derivatives pick up the odd-symmetric features, and the second derivatives
(“Mexican hat” filters) pick up the even-symmetric features. These filters can be well
approximated by differences of offset Gaussians, which is how they are usually computed
in practice. The third large group of filter banks is based on various types of wavelets (and
lately also curvelets, ridgelets, and so on). These methods have been quite successful for
various vision tasks, but we will not describe them here since they are not used later in this

thesis.

The filter bank we use is based on Gaussian derivatives. It consists of 40 filters shown in
Figure 1.4, with first and second derivatives of a Gaussian each included at 3 different scales
and 6 orientations, plus 4 extra dot filters. The filters are mean 0 and L; normalized for
scale invariance, and in the actual implementation the first derivative is approximated by
the Hilbert transform of the matrix of the second derivative. This is the filter bank used by

Malik et al. for image segmentation in [59], and was kindly shared with us by the authors.

Once a filter bank {w1,...,ws} is selected, the matrix of pixel intensity values X is con-

volved with each filter and the image is now represented by J matrices of filter responses,
Yi=Xx*w;, j=1,...,J (1.1)

each of the same size as X. Each pixel is now represented by a vector of filter responses,

which is a very high-dimensional representation: for a 100 x 100 pixels image and our filter
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bank of 40 filters the image is represented by 400,000 numbers. This may become computa-
tionally expensive, and there exists a number of methods for computing the filter responses
efficiently, such as Laplacian and oriented pyramids (see e.g. [35]). In our computations,

however, we will only use the straightforward convolution with all the filters.

There is a lot of redundant information in the filter representation — note that the filter
banks tend to be over-determined rather than orthogonal, and we can think of (1.1) as rep-
resentation in an over-complete non-orthogonal basis. The pixel intensity can be recovered
from filter responses by solving the linear system (1.1) in the least squares sense. For tex-
tures, there is even more redundancy, because by the very definition of texture many local
features are repeated. The filter response vectors (also called features) are often quantized,

and a texture is represented by the distribution of features over the texture image.

Representations in the space of filter responses have been found extremely useful in a variety
of computer vision applications. The most important application to texture analysis is that
the distances in the space of filter responses are more representative of human perception
than, say, the distances between raw pixel intensities. There are many questions about
exactly how to use this representation to make the most of it for various texture problems,

and they will be explored further in this thesis.

1.4.2 Markov Random Fields

Markov random fields (MRFs) have been popular for texture modeling since they are capable
of capturing local neighborhood dependencies which often determine the appearance of the
whole texture. We will not use the MRF model for texture directly, but it will serve as

important motivation for other methods, so here we give a brief introduction to MRFs.

Formally, let X(; ;) be the random variable for the pixel value at location (i, 7). Let

N(Za]) = {(u,v) : "u’_zl < w, "U _.7‘ < w, (u,v) # (Za])}

be a square of size (2w — 1) X (2w — 1) centered at (i,7) ((i,7) itself excluded), the most
commonly used shape of the Markov neighborhood. Let

Z(i,3) = {(u, ) : (w,0) # (3, )}



12

be all locations in the image except for (4,j). Then the MRF model states that

P(X ) Xz(.5) = P(X(5) X)) (1.2)

One can specify neighborhood shape and size to create different MRF families. The likeli-
hood of the entire lattice is given by the Gibbs distribution

P(z) = ie_U(‘”), (1.3)

where U(z) is called the energy function, and Z is a normalizing constant called the partition
function. The partition function is known for computational intractability and often requires
sophisticated computing techniques. The energy function is usually specified in terms of

potential functions on the neighborhood graph cliques,
Ulx) =Y Vola).
C

The potential functions must be specified consistently in order to make (1.3), and the
Hammersley-Clifford theorem gives conditions that make a set of potential functions con-
sistent. For our purposes, however, the most important MRF property is that the value of
a point, given all the other points, only depends on its neighbors, and the same is true for

many texture images.
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Chapter 2

Texture Synthesis and

Non-parametric Resampling of

Random Fields

This chapter is devoted to the problem of texture synthesis. Previous work in this area is
reviewed in Section 2.1. The point of departure for our research is a simple heuristic re-
sampling algorithm for texture synthesis described in Section 2.2, which produced excellent
visual results but had no theoretical justification and no statistical framework. In Section
2.3 we formalize the algorithm in the framework of resampling from stationary Markov
random fields and show it is analogous to a time series bootstrap algorithm. In Section 2.4
we prove that the algorithm produces consistent non-parametric estimates of the joint dis-
tribution of pixels in a patch under mixing and regularity conditions. Section 2.5 concludes

with discussion.

2.1 Overview of Texture Synthesis Methods

There has been a surge of interest in texture synthesis in the past decade, when advances
in computing allowed using many computationally intensive algorithms that could not have

been implemented before. The many different methods of texture synthesis can be broadly
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divided into two categories. The first group of methods is model-based and some of these
methods were proposed as early as the 1970s. The main modeling tool for textures has
been Markov Random Fields (MRF). They were used by Besag [5] for texture synthesis in
1974 and also by Cross and Jain [19]. In the early MRF work only a few parameters could
be fitted because of computational difficulties and those few parameter models usually do
not capture the complexity of real textures. As the number of parameters increases, the
synthesized textures begin to look more realistic, but it also becomes hard to estimate the
parameters reliably. In addition, sampling from such models often requires Markov Chain

Monte Carlo, which can also be computationally difficult.

The other broad category of texture synthesis methods is based on feature matching. Typ-
ically, these methods start from a white noise image and force it to match some set of
statistics of the original texture image. Heeger and Bergen [45] used marginal distribu-
tions of filter outputs from a filter bank as features to match and obtained good results for
stochastic textures. Portilla and Simoncelli [91, 74] applied a similar idea to matching a
set of joint statistics of wavelet coefficients. De Bonet’s [23] method matched filter output
distributions in a way that preserved dependencies across different resolutions of the origi-
nal image and produced good results on a wide range of images. However, most of feature
matching methods have difficulties with highly structured textures. Another difficulty is
that they typically require some number of iterations to converge but iterating too many
times leads to deterioration of the synthesized image quality. Determining the number of
iterations required and other tuning parameters of such algorithms is typically done by trial

and error.

There are some methods that combine the two methodologies above — that is, they use
MRF models that also do feature matching. One of the most successful such methods is
the FRAME model by Zhu et al. [106]. It provides a solid theoretical base for combining
MRFs with feature matching and it was recently shown [105] that FRAME is the natural
way to establish equivalence between these two approaches. The results on real textures,

however, are still quite noisy for this method.

Another small and entirely separate class of texture synthesis methods is based on directly
simulating physical generation of certain textures. For example, spots on animal fur have

been modeled by reaction-diffusion processes [104]. The main drawback of these methods
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is that different textures are generated by very different physical processes, and therefore

these methods are limited to very specific types of textures.

A new class of methods of texture synthesis was developed over the past two years, started
by the non-parametric resampling method by Efros and Leung [33]. Many variations of
their method have been published that speed up and optimize the original algorithm in
different ways, but even the original version has been very successful. This algorithm is
based on resampling from the random field directly, without constructing an explicit model
for the distribution. In the next section, we describe the algorithm in detail and discuss its

properties.

2.2 Non-parametric Resampling Algorithm

The resampling algorithm is motivated by a Markov Random Field model, that is, by the
idea that the value of a given pixel only depends on the values of its neighbors. The
algorithm, however, does not explicitly assume that the underlying texture distribution is

an MRF; instead, it is used as motivation only.

The algorithm synthesizes one pixel at a time by resampling from the conditional distribu-
tion of the pixel given its neighborhood. It starts with a random “seed” from the original
image, typically a small square patch and proceeds to grow the image from the seed out-

wards, layer by layer, spiraling around and adding one pixel at a time.

To synthesize pixel X, one would like to condition on all the pixels in the Markov neigh-
borhood of X, say, w x w square. However, by the time one needs to fill in the value of X,
only half of that neighborhood has been filled in (see Figure 2.1). So instead we condition
on the part of the neighborhood O(X) that has been filled in before X.

The conditional distribution of X given O(X) is never constructed explicitly. Instead, we
resample from it directly in the following way: for all pixels Y; in the observed image
compute the distance d(O(X), O(Y;)), for all neighborhoods O(Y;) of the same size and
shape as O(X). The distance is measured by the sum of squared differences between pixel

intensities, weighted by a Gaussian weight function to emphasize the importance of close
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shape of the desired texture, or fill holes in an existing texture. It has worked well on both

One very important

stochastic and structured textures (see Figure 2.2 for some results).

parameter for the algorithm is the size of the neighborhood window (see Figure 2.3, repro-

duced from [33]). If the window is too small, it will not capture the local structure correctly.

On the other hand, if the window is too big, the algorithm becomes computationally ex-

pensive. It can also become slow if the original image is large and therefore there are many

neighborhoods to search through.

Although the algorithm produced impressive results on a large number of various textures,

it also produced a few failures. It appears to fail when it gets into a part of the search space

with no good matches; in that case, it starts sampling randomly and produces texture that
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Figure 2.2: Some synthesis results
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Figure 2.3: Synthesis results with different window sizes

looks rather like white noise. The chance of that happening is hopefully small. Another
feature of the algorithm is that the quality of the image seems to deteriorate slowly as one
moves away from the original seed, so some artifacts may occur if one needs to synthesize

a very large image. For most practical purposes though, the algorithm works quite well.

There has been a lot of follow-up work on this algorithm. Wei and Levoy [102] improved
the computing time by quantizing the search space and structuring it as a tree. The Image
Quilting by Efros and Freeman [34] applied the same idea to whole image patches instead of
individual pixels and obtained results of the same quality at a fraction of the computational
cost. Another very similar algorithm for patches was independently developed by Liang et
al. [57]. Harrison [44] studied the optimal order in which pixels should be filled in such an
algorithm and found that sometimes choosing the correct ordering made a difference. In all

these works however, the basic resampling principle of [33] remains unchanged.
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2.3 The Formal Resampling Scheme

In this section, we set up a formal resampling scheme along the lines of the synthesis
algorithm heuristic. We will also describe a time series analogue of the resampling algorithm.
Then, we will set up a Markov Mesh model, a special case of the Markov Random Field
model, which will allow us to analyze the algorithm and show that it resamples from the

conditional distribution consistently.

2.3.1 The Time Series Analogue

This algorithm was proposed for bootstrapping time series by Paparoditis and Politis [71].
It is, in turn, an extension of Rajarshi’s algorithm [78] for first order Markov chains to p-th
order Markov chains. As in the texture synthesis algorithm, the Markov assumption itself

is not needed, but is used for motivation for this resampling scheme.

Given strictly stationary real-valued times series {X;,1 < ¢ < T}, observed up to time T,
the goal is to construct a bootstrap replicate {X;,1 < t < T'} such that the dependence
structure of the original set is preserved. More precisely, if we let Y, = (X;_,,..., X;—1),
where p is some fixed integer, Fy(y) = P(Y; < y) the distribution function of Y; and
Fxy(zly) = P(Xt+1 < 2[Y; = y) the conditional distribution function of X1 given Yy,

then their bootstrap analogs Fy (y) and F)*(‘Y(w\y) should be in some sense close to Fy (y)

The proposed resampling scheme requires a smooth kernel W on RP and a bandwidth b.
The kernel W rescaled by the bandwidth b will be denoted by Wy(-) = b PW (-/b). Given
p, the kernel W and the bandwidth b, the algorithm proceeds as follows:

The time series algorithm

1. Select a starting value Y., = (X7,..., X;) (typically Y}, will be chosen at random

from all observed Yy).

2. Suppose X{,..., X ; have already been generated. Let N be a discrete random
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variable with values in {p +1,...,T} and probability mass function
T—1
P(N =j) =Wy(Y; = Y;) [ Y Wo(Y} = Yn).
=p
3. Let X; = Xy.

Note that the constructed bootstrap process {X;} is Markov by construction, even if the
original process is not. Politis and Paparoditis showed that, under regularity and mixing
conditions, the bootstrap cumulative distribution functions F5 (y) and F;(|Y(:1:|y) converge
to the true Fy(y) and Fx|y(z|y) as T — oo. It follows that, if the process is Markov,
the true law is approximated by this procedure, but the p-th order dependence structure is

preserved even for non-Markov processes.

2.3.2 The Resampling Algorithm for Markov Mesh Models

In this section, we define Markov Mesh Models (MMM) on the plane and modify the
resampling algorithm in accordance with this new model. Unlike general MRFs, MMMs
have a natural notion of the “past”, and extending the time series algorithm becomes

straightforward.

MMMs (also known as Picard Random Fields) were introduced by Abend et al in 1965
[1] and have been used for a variety of applications. In particular, Popat and Picard [73]
used a parametric MMM model for texture synthesis, and so did Cressie and Davidson
[17]. In both cases, however, results for natural textures were of low quality due to the
small size of conditioning neighborhood. Fitting all the parameters required for a larger
neighborhood was computationally infeasible at the time, and the accuracy of estimating

so many parameters would have been low in any case.

To define MMM, let {X;,t € [1,00)2} be areal-valued random field. Introduce the following
notation: for a point ¢ = (¢1,%2), define index set
Up = {u :max(1,t; — w) < wu; < t1,max(l,ts —w) <ug < to,u # t}

to be a square of size w X w with ¢ as the bottom right corner, ¢ itself excluded; notice that

for the first w — 1 rows and columns of the index set U(t) has to be truncated. Let

Wt:{uzlgul<t1}U{u:1§uQ<t2}
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Figure 2.4: Markov Mesh Model

be everything to the left or above ¢ (see Figure 2.4). Then a Markov Mesh Model assumes
P(Xy| Xw,) = P(X¢|Xv,)

MMMs are a special case of Markov Random Fields and here the corresponding Markov

neighborhood N; is a (2w — 1) x (2w — 1) square centered at t.

If the texture synthesis algorithm is to be motivated by a MMM, the natural way to fill in
the pixels is to start in the upper left corner and proceed in raster order, filling in row by
row. Results from this modification (see Figure 2.5) show that this change in ordering is not
crucial, and even though one can see some directional artifacts in the MMM method, it still
outperforms the algorithms of DeBonet [23], and Heeger and Bergen [45] (see Figure 2.6).
The spiral order of the original Efros and Leung algorithm does appear to produce better
results, but in fact the speeded up version [102] works in raster order with no problems,

and so does the patch-based version in [34].

Having convinced ourselves that MMM version of the algorithm works as well as the original,
we proceed to the formal resampling scheme on the plane. Suppose we observe the MMM
field X; on the index set [1,71] x [1,T5]. Recall that we defined the index set U; to be a
w X w square with ¢ at the bottom right corner, truncated if necessary, for the first w rows
and columns. Let U;(s) be the index set U; shifted so that its bottom right corner is s.
Formally, Uy(s) = (U; —t + s). For convenience, define the p-dimensional vectors Y; = Xy,

and Y(s) = Xy,(5)- Note that Y;(s) are identically distributed for all ¢ and s.

There are w? — 1 possible shapes of U; (various truncations of the w x w square are needed

at the boundaries). For each shape consisting of p components (1 < p < w?—1), let W® be



Original algorithm MMM version

Figure 2.5: Comparison of MMM results with the original algorithm
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De Bonet Heeger and Bergen

Figure 2.6: Comparison of MMM results with other methods

a kernel on RP. The kernel can be scaled by a resampling width b, Wb(p ) (z) = b PW®) (/).

Now we have all the components to proceed to

The MMM resampling algorithm

1. Select a starting value for { X} : t; < w,ts < w}, the top left w x w square. Typically

the starting value will be a w X w square selected from the observed field X; at random.

2. Suppose X} have been generated for {t: t; < u}U{t:t; = u, ta < v}, i.e., u—1 rows
are filled in completely, and row wu is filled up to column ». To generate the next value

X;=X;

(u,0)? let N be a discrete random variable with probability mass function
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P(N =) = Z WP (Y] = Yils)

where Z =), Wb(p ) (Y7 —Yy(s)) is a normalizing constant, p = | Y7| is the size of the
“past” of X}, and s ranges over all values s such that U(s) € [1,T1] x [1,T»], that
is, all locations where the conditioning neighborhood fits within the observed texture
field.

3. Let X(*u,v) = Xn.
In the next section, we show that, subject to certain mixing and regularity conditions, this

scheme reproduces the conditional distribution of a pixel given its past consistently.

2.4 Consistency Results

We start from showing consistency of the Markov Mesh Model algorithm. For simplicity of
notation, we will for now ignore the side effects of truncation and show that the distribution
of pixel value X; given its full w by w neighborhood Y} (for ¢ not in the first w rows or
columns) converges to the truth. We will then show that the same argument applies to
truncated neighborhoods, and in fact to a neighborhood of an arbitrary shape, as long as
the resampling scheme is matching it to neighborhoods of the same shape in the observed
image. In Section 2.4.3, we generalize the consistency results to the original spiral ordering

of the Efros and Leung algorithm.

2.4.1 Assumptions

Let us introduce the following notation: let Fy(y) = P(Y; < y) be the cumulative dis-
tribution function of Y; and Fx|y(z|y) = P(X; < z|Y; = y) the conditional distribution
function of X; given Yy. Let I = [w,T1] X [w, T>] be the set of all pixels that admit a full
conditional neighborhood. We assume that the size of observed texture increases, that is,

|[I| =T = (T — w)(T2 — w) — co. We also make the following assumptions:
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(A1) The random field X; is strictly stationary and mixing in the following sense: define
mixing coeflicients
ax(k,u,v) = sup{|P(AB)—- P(A)P(B)|: A€ o(Xg),B € o(Xr),
E,F € 1d(E,F) > k,|E| <, |F| < v}

where d(E, F) = inf{||z — y||oc : ¢ € E,y € F'} is the distance between index sets F and F.

The field X} is called a-mixing if for all u and v ax(k,u,v) — 0 as k — oc.

We make a more precise assumption about the rate at which the mixing coefficients go to
0: Jde > 0,7 > 0, such that for all integers u,v > 2,u + v < ¢, where c is the smallest even
integer such that ¢ > 7

x

Sk + DM e (k,0,0)] /) < oo

k=1

Here d is the dimension of the index set I C Z¢%, in our case d = 2.

(A2) Fy and Fxy have bounded densities with respect to the Lebesgue measure, fy and

fx|xy, respectively. Moreover, X; has compact support S, and fxy(-[y) > 0 for ally € SP.
(A3) For any y;, y2 € RP, any z € RU {0}

‘ [ pextynds = [* prxteyads| < 2@y -l

where fx ;v = fx|y fy, inf; L(z) > 0, and sup, L(z) = L < oo.
(A4) For any z1, 2 € R, any y € RP,

| Fxiy (@ily) = Fxpy(z2ly)| < Cly)|z1 — oo,

where C(y) > 0 and sup,, C(y) = C < oo.

(A5) The kernel W on RP is bounded, first order Lipshitz continuous, symmetric, positive
everywhere on RP, [uW (u)du = 0, and [ ||lu||W (u)du < oco. When T — oo, the kernel
bandwidth b = O(T~%), with 0 < § < 1/2p.

2.4.2 Proof of Consistency for the MMM Algorithm

Let F)*(|Y(x|y) = P(X; < z|Y} = y) be the conditional distribution function of the syn-
thesized X} given its neighborhood Y; = y and Fyy(z,y) = P(X{ < z,Y] <y) be
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the joint distribution function of X; and Y7, that is, the joint distribution of pixels in a
w X w window. This distribution is of particular interest because, at least for some suitably
chosen w, it to some extent determines the human perception of texture, as discussed in the
Introduction. Therefore one may argue that if this joint distribution is estimated correctly,
then the synthesized texture will appear similar to the original. Our main result is the

following theorem:

Theorem 2.1 Under conditions (A1) — (A5), the joint distribution of X* and Y* is esti-

mated consistently:

sup sup |FXY z,y) — Fx,y(ac,y)| —0 as. asT — o0 (2.1)
T€R yeSP

We will first prove that the resampling scheme correctly approximates the conditional dis-

tribution of a pixel given its neighborhood.

Theorem 2.2 Under conditions (A1) — (A5), the conditional distribution of X* given Y*

is estimated consistently:

sup sup |Fyy(zly) — FX|Y($|y)‘ —0 as. asT — o© (2.2)
zERy€ESP
Note that
Fry(@ly) = D 1 ooaX)Wly = Ys) /> Wily - Ys)

tel sel

Frv(aly) = [ 1oa(hxy (ely)ds
We first prove the following unconditional result:
Lemma 2.1 Under conditions (A1) — (A5),

— 0 a.s.

Proof of Lemma 2.1. Let us introduce some notation:

1
7 2 Lol (X)Waly — Y3)
tel

rly) = / 1 o)) Fx v (7 y)dz

\3

iy

=
I
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The lemma will be proven by showing

sup |Ery(y) —r(y)| — 0 as. (2.3)
yESP
and
sup |rp(y) — Erp(y)| — 0 as. (2.4)
yeSp

First let us compute

Ery(y) = /_x /ERP [x,y(z,u)W,(y — u)dudz

= b_”/ / fxy(z,u)W (u—y) dudz
—oo JueRP b

T
= / / fxy(z,bv +y)W(v)dvdz,
—oo JVERP

where v = (u — y)/b. Also note that, since W is a kernel,

)= [ oo fry(eyis= [ oo / L Ixx W dvds

Now (2.3) becomes

sup |Ery(y) —r(y)|
yEeSP

= sup
yESP

/ [ W) (fxy(abv +y) — Fxy(5y))dvdz
—o0 J VERP

IN

sup W(v)
yEeS? JveRP

sup W (v)|[ov[|L(y)dv
y€eS? JveRp

_ bL/ VW (v)dv = O(b) = O(T~%) = 0 aus.

dv

/_: fxy(z,bv+y)dz — /:; Fxy(z,y)dz

IA

where the last inequality follows from assumption (A3).
(2.4) is the main part of proof. Define
Zt,T(y) = l(foo,:c](Xt)Wb(y - Yt) - El(foo,;v] (Xt)Wb(y - Yt)'

Note that EZ; 7 = 0, and claim (2.4) is that
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Recall that X; has compact support S. Therefore we can cover S with Nt cubes I; r with

centers y; and sides L. Then

1 1
sup | = Zyr(y)| = max sup |= Zyr(y
yese | T g ur(y) 1<i<Nr yeSPnI; 1 T g b7 ()
1 1
< max T ; Zyr(yi)|+ max  sup T Z(Zt,T(y) - Zt,T(}’i))‘ =I+1I

1<i<NT yeSPOI; 1 el

First let us deal with term II:

1
II < max sup —

Wiy —Yi) — Wy(y:i — Y
T 1<i<Nr yesenr o T > Woly = Yi) = Wily: = Yo

tel

+ Y EWy(y — Yy) - Wiy — Yy)|
tel

< C; max sup b7? < Co P Ly

1<i<Nr yeSPNI;

Y Vi
b

The last line follows from the Lipschitz assumption on the kernel (A5).

If we let the side of the cubes Ly = eb?T! = O(T—®+1), then term IT is bounded above
by €. Note that the number of cubes Ny = O(1/L%.) = O(TP(P+1)).

We will use the Borel-Cantelli lemma to show that term I goes to 0. By elementary in-

)

equalities,

Pr(I>e¢) < zT:P (‘% Zzt,T(yi)

tel

1
< N P1= Zr(yi
= AT e, (T - br(ya)| > 6)
E Y Zir(yi)l”
< 2 .
s Nr mex T ’ (2:5)

To bound the last term, we will need the following moment inequality for mixing random
fields:

Lemma 2.2 (Moment Inequality) Let U; be a real-valued random field indexed by I C
Z4¢ satisfying conditions (A1). If EU; = 0, Uy € L™, and 7 > 2, then there is a constant
C depending only on 7 and mixing coefficients of U; such that

E|) U < C'max(L(r,¢), L(2,¢)™?)
tel
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where

Lp,e) = 3 (BT 9 = ST 1wyt

tel tel

The proof of this lemma and many other useful inequalities can be found in [29].

We want to apply this lemma to random variables
U = Z1 ;0 = 1(—o0,a) (X)W (y = bY2) = El(_o0,0)(Xe) Wy (y — DY),
so we need to check that they satisfy condition (Al). First note that

U = (X1, Yt) = f(Xp—w1,92)-

Since the definition of mixing coefficients only depends on ¢-algebras generated by Uy, we
may instead consider larger o-algebras generated by (X, Y;) — the mixing coefficients of U;

can only be smaller than those of (Xy,Y}). Therefore,

ag(k,u,v) < sup{|P(AB) — P(A)P(B)|: A € o((X,Y)g), B € o((X,Y)F),
E,FeldE,F)>k|E|l <u,|F| <v}

Now notice that (X,Y)g = Xgr where E' = {t —a€1:t€ E,a € [-w,0] x [-w,0]}, that
is all points in F and everything in a w by w square to the left and above them. Similarly,
let F/={t—a€l:t€F,ac[-w0]x[-w,0]}. If |E| <uand |F| < v, then |E'| <w?u
and |F'| < w?v. Also, if the distance between E and F d(E, F) > k, then d(E', F') > k—w.
Therefore,

O5U(k7 u, ’U) < OéX(k - w, w2u7 ’LUQ’U),
and conditions (A1) are clearly satisfied for the field Uy, possibly with different constants.

Now we can apply Lemma 2.2 to identically distributed mixing variables Z;r. Note that
since the kernel W is bounded, |Z; 7(y;)| < Mb~P < MT. Also note

]_',(7-’ 5) =T (E'Zt,T|T+€)T/(T+€) < T(MTJP)T — Mo

and
L(2,¢)7/% < (MPTPP+1)7/2 = prpovr+7/?
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and since we take 7 > 2

E| Z Zyr| < Cmax(MTTP™H MTTPTHT/2) < CTPTHT/2,
tel

Now we can go back to (2.5) and plug in the moment bound. We get

O ()12
< N
PT(I > 6) < Nr 1521}\(@ T

_ O(Tﬁp(p—l—l)—l—JpT—T/Z) .

Since we assumed ¢ < 1/2p, we can always choose 7 > 2 large enough to make ép(p + 1) +
7(dp — 1/2) < —1. Therefore ) ;. Pr(I > €) < co and by Borel-Cantelli lemma I — 0 a.s.
This concludes the proof of Lemma 2.1. 0

From this lemma, we can immediately get a useful corollary. Let f3(y) = & > c; Wi(y —

Y};). Then setting z = co in Lemma 2.1 we get
Corrolary 2.1 Under conditions of Theorem 2.2,

sup |fy(y) — fx(y)| — 0 as.
yESP

Proof of Theorem 2.2.

Note that
Ete[ 1(foo,w](Xt)Wb(y - Yt) _ T;“(Y)
Y orer Wy — Y) ()

and that r(y) = Fxy(z|y)fy(y). Then the expression under sup in (2.2) becomes

Fxry(zly) =

Fiy (aly) = Fxyy (aly)|

- f;(y) Ir5(y) — r(y) + () — Fxry (zly) 5 ()]
< o) (Irr(y) — ()| + Fx iy (=ly) | fx (v) — fx(¥)])

From Lemma 2.1, Corollary 2.1, and assumption (A2) it follows that

sup
yESP

F)*(\Y(J"‘Y) - Fx|y(l“y) — 0 a.s.
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To establish the uniform convergence over all z € R, we use the argument of Glivenko-
Cantelli theorem: for each z, F;(‘Y(x|y) — Fxy(zly) a.s. by the ergodic theorem. Since
F)*(|Y are nondecreasing, and Fy|y is bounded and continuous, it follows that convergence

is uniform over all =z € R. |
Proof of Theorem 2.1.

First note that
Fiy(ey) = P(Xf<zY]<y)= / Fiy (2, w)dz du
u<y Jz2<z

= [ ] fwbhswdzde = [ Py fy(a)da
u<y Ja<a u<y

Similarly,
Fxy(z,y) = / Py (alu)fy (w)du.
usy

Recall that we assumed fy is bounded and has compact support SP. Then we have the

following bound (indices are omitted for clarity):

|[F*(z,y) — F(z,y)] < F*(z[u)|f*(u) —f(u)|du+/ |F™ (z[u) — F(z|u)|f(u)du
u<y u<y
< /\f |du+M/|F* (z]u) — F(z]u)|du
<

[57] sup [£7(w) = f(w)[ + M]S| sup [F" (z[u) - F(z[u)]

Taking the supremum over z and y, we get

sup sup |F*(z,y)—F(z,y)| < C1 sup |f*(y)—f(y)[+C2sup sup [F*(z[y)—F(z]y)| = 0 a. s.
TERyeESP yESP TERy€ESP

by Theorem 2.2 and Corrolary 2.1. 0

This establishes the consistency of the joint distribution of pixels in a w x w window. To deal
with truncated neighborhoods in the first w columns and rows, notice that the argument
does not depend on the shape of Y;. All it requires is that the number of observed Y,
goes to infinity, so that there are many matches to sample from. It also does not depend
on the particular order in which the pixels are synthesized, because the argument is for a
single given pixel in the synthesized texture as the size of the observed texture grows. If in

the beginning the seed is chosen uniformly from the original, we start from a set of pixels
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whose joint distribution is consistent, and add pixels one by one in such a way that the
joint distribution of the w X w window with that pixel in the bottom right corner remains
consistent. Since all the pixels are added in this manner, it follows that the joint distribution
of every w X w window throughout the synthesized texture is estimated consistently. This
is the main result we were interested in, since it suggests that the synthesized texture will

appear similar to the original.

2.4.3 Consistency of the Original Algorithm

The main difference between the MMM version of the algorithm and the original algorithm
of Efros and Leung [33] is the order in which the pixels are filled in the synthesized texture.
Even though the comparison in Figure 2.5 shows that both versions produce reasonable
results, the spiral-like ordering of the original algorithm seems to have fewer problems with
error propagation and produces somewhat more visually pleasing pictures. Therefore it is

of interest to investigate the consistency properties of the spiral algorithm as well.

Here we will think of texture as a stationary random field on Z? rather than N2. Let us
order all locations ¢t € Z? in the spiral order ¢y < ¢; < ... shown on Figure 2.7. It starts at

the origin and goes around clockwise:
to = (070)7 1 = (130)5 ty = (15 _1)7 t3 = (01_1)3

ty=(-1,-1), t5=(-1,0), ts=(-1,1), tr=1(0,1)
and so on.

To avoid centering problems, we will only look at conditioning on windows with an odd
number of pixels along the side of the square, (2w — 1) x (2w — 1). The first m? pixels
(to,t1,---,tm2_1) will be filled in by the seed, say also of size m = 2w —1 and the subsequent
pixels will be filled in one by one according to the spiral ordering. Apart from the ordering,
the resampling scheme is exactly the same as the Markov Mesh model algorithm in Section

2.3.2.
For all t € Z2, let X; be the pixel intensity at location ¢. Let

|[tlloo = max(|t1], [¢2])
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Figure 2.7: The spiral ordering on the plane

be the [, norm on the plane. Let
U= {s:||t — s|loc <w,s <t}

be the part of (2w — 1) X (2w — 1) window with ¢ in the center that is filled in before ¢.
Let U;(s) be the index set U, shifted so that it is centered at s. Finally, let Y; = Xy, and
Yi(s) = Xy,(s)- The dimension of Uy varies for different ¢, depending on whether it is a
corner or a middle pixel, but is always between w(w — 1) and 2w(w — 1). So we will need
a kernel W®) for each p € [w(w — 1), 2w(w — 1)], all of them satisfying assumption (A5).
Given the observed texture {X; : t € [1,71] x [1,T»]}, the algorithm to synthesize X* can

be written as follows:

The spiral-order resampling algorithm

1. Select a random starting value for {X} : ||t||cc < w}, the central (2w — 1) x (2w — 1)

square, uniformly from the observed field X;.
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2. Suppose X have been generated for all s < ¢. To generate the next value X/, let N
be a discrete random variable with probability mass function

1

P(N = s) 7

WP (Y) — Yo(s))

where Z =), Wb(p) (Y; —Y(s)) is a normalizing constant, p = |Y;| is the size of the
conditioning neighborhood for X, and s ranges over all values in [1,7] x [1,T,] such
that U(s) € [1,T1] x [1, T3], that is, all locations s where Uy(s) fits completely within

the observed texture.

3. Let X7 = Xy.

It is clear from inspection of the proofs of Theorems 2.1 and 2.2 that as long as we assume
(A1) — the mixing assumption — holds, all kernels W ®) satisfy (A5) and for all shapes of
Y the distributions of X and Y satisfy assumptions (A2) — (A4), we will obtain the same
consistency result. The result is that the conditional distribution of X* given whatever
pixels Y* we conditioned on to fill it in will converge to the true distribution of X given
Y as the size of the observed texture goes to infinity. Similarly, the joint distribution of
X* and Y* will converge to the truth, at every pixel location in the synthesized texture.
However, in this case the shape of the neighborhood depends on location and is constantly
changing according to the spiral ordering. Therefore it is not clear whether we can obtain a
consistent estimate of the joint distribution in a square window over the whole synthesized

texture. This question needs further investigation.

It would be natural to expect that, since we always condition on a (2w — 1) x (2w — 1)
window, or at least on what we can see from it, we will in the end get the joint distribution
estimate in that window consistently. This was the motivation for the Efros and Leung

algorithm, but it is in fact not true.

Consider a simple counterexample for w = 2 shown in Figure 2.8. The first pixel to be
filled in after the seed is X1, and the part of the 3 x 3 window around it that we have so
far is S;. We assume that the seed was sampled uniformly from the original image, so the
sampling distribution P*(S;) — P(S1). Since the conditional distribution of X; given S

is estimated consistently, we have

P*(X41,51) = P*(X1|S1)P*(S1) —» P(X1]S1)P(S1) = P(X1,51),
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SEED S

Figure 2.8: Counterexample to consistency of the original algorithm

so the joint distribution of X; and S; is estimated consistently. However, this tells us
nothing about the joint distribution of X; and S,. In fact, by construction of the synthesis

algorithm we have

P*(X1,81,82) = P*(X1,8|81)P*(S1) = P*(X1|S1)P*(S2|S1)P*(S1)
— P(X1|Sl)P(SQ‘S]_)P(Sl) = P(X1|51)P(Sl,52)
+ P(X1|S1,8:)P(Sy,Se) = P(X1, 81, 5).

In words, the synthesis algorithm makes X; and S5 independent given S, a property
that the true distribution does not have in general. Therefore the estimate of the joint
distribution in a (2w — 1) x (2w — 1) window cannot be consistent. However, we may
still get consistency in a smaller window. In fact, this example suggests that in order to
get consistency for a window of size w X w, one must condition on a bigger window that
contains all w X w windows or their parts which cover the pixel being synthesized. The
size of this bigger window must be exactly (2w — 1) x (2w — 1) in order to cover all w x w
windows containing the pixel at its center. Then each added pixel will fit in correctly with
all w x w windows that contain it, and by induction the joint distribution in all w X w
windows throughout the synthesized texture will be estimated consistently. We formalize

and prove this claim below.

Let
Vi={s:||t = s|loc <w, s #1t}
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be the (2w — 1) x (2w — 1) window centered at ¢, and Z; = Xy, be the pixel intensities
in that window. Let Q: be the vector of pixel intensities in the w X w window located at
[t —w+ 1,12 Let

Fo(q) = P(Q; <q)
be the cumulative distribution function of w X w window in the texture synthesized by the

spiral-order algorithm.

Theorem 2.3 Suppose we observe {X; : ¢t € [1,T1] x [1,T2]}. Let T' = (11 — 2w) (T2 — 2w).
If the field X satisfies assumption (A1), the distributions of X, Z, X|Z, and (X, Z) satisfy
assumptions (A2), (A3), and (A4), and the kernels W® for all p = w(w —1),...,2w(w—1)

satisfy assumption (A5), then the distribution of @ is estimated consistently:

sup |Fg(q) — Fq(q)| = 0as. asT — oo (2.6)
gesw?

Proof of Theorem 2.3. The first thing we need to verify is that if X and Z (the full
(2w — 1) X (2w — 1) window around X) satisfy assumptions (A2)—(A4), so will X and Y
(the part of Z that precedes X in the spiral ordering).

Assumption (A2) says that Z and X|Z have bounded, positive everywhere densities with
compact support. This will obviously hold for Y and X|Y as well.

Now let us verify that assumption (A3) holds for X and Y. Write Z = (Y, U), where U is

the part of Z that comes after X. Then we can write
fX,Y('Ta y) = /fX,Y,U('Ta Yy, u)du'
Let z; = (y1,u) and z9 = (y2,u). Then
x x
‘/ fxx(r,y1)dr —/ fxx(r,y2)dr
—0oQ0 —0oQ

< ).

(43) dim(u) T
< |5] L(z)||lz1 — z2f| < L(z)[[y1 — y2ll-

<

/ fxxyu(r,y,w)dr —/ fxyu(r,y2,u)dr|du <

Assumption (A4) is trivially verified in the same manner. Now we can use Theorem 2.1 to
conclude that

supsup |Fx y(z,y) — Fx,y(z,y)| = 0 as. as T — co. (2.7)
z y
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The consistency of the distribution estimate in a w X w window can now be proven by
induction. Let Q; be the set of all w X w windows and parts of such windows that are filled
in by the time the pixel at location ¢ is synthesized. The induction hypothesis is that, for
allt € Z?, if Q € Q; then

sup |[Fg(q) — Fq(q)| — 0 as. as T — oo (2.8)
q

(1) For t =0,...,4w(w — 1), the windows in Q; are sampled uniformly from the observed
texture, and therefore F( is the empirical distribution function of the corresponding window

in the texture sample. The claim (2.8) is true by the Glivenko-Cantelli theorem.

(2) Suppose (2.8) holds for all s < ¢t. For all Q € Q; that do not include X}, the claim
holds since these sets also belong to Q; for some s < ¢. For sets Q that include X}, we can
write Q = (X7, S), where S is the set of all pixels in Q other than X;. Since the size of
Q is at most w X w, by construction of our conditioning neighborhood S C Y}. By (2.7),
the joint distribution of X} and Y} converges to the truth, and therefore so does the joint

distribution of X} and S. This establishes the induction hypothesis for all Q € Q. O

We have shown that the original algorithm of Efros and Leung also provides consistent
estimates of the joint distribution in a w X w window, which may be an explanation for its

perceptually good results.

2.5 Discussion

The main contributions of this chapter are the formal probabilistic framework for the non-
parametric resampling algorithm and the proof of its consistency. In particular, the fact that
the joint distribution of pixels in a window of specified size is estimated consistently may
explain the perceptually good results of the algorithm. This joint distribution is important
for texture perception both from the Julesz school’s point of view (kth-order statistics) and
from the multi-channel frequency analysis perspective, since the joint distribution of pixels

in the filters’ support window determines the joint distribution of filter responses.

The proof of consistency required assuming a number of conditions which may look com-

plicated, but are in fact perfectly plausible for many real textures. The mixing assumption
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will not hold for purely periodic patterns, but as long as there is some stochastic variation,
it becomes a natural description of texture. As for the density assumptions, the grayscale
pixel values are discrete, but there are sufficiently many of them to make the smoothness

conditions plausible.

Our goal here was to provide asymptotic justification of the basic non-parametric resampling
principle rather than of any particular implementation of it. For instansce, the resampling
weights we use are slightly different from the ones originally used in [33]. We feel that
modifying the proof to accomodate details of a particular implementation, either the original
or one of the several follow-up versions, is possible but unnecessary, since this is intended

as a justification of their common underlying principle.

One issue that we did not address is determining the correct window size to use in the
resampling algorithm in order to ontain perceptually good results. The asymptotics guar-
antee only that the distribution in a certain size window is estimated consistently. They
say nothing about whether the distribution of the whole synthesized texture is consistent,
unless we are willing to assume that the true distribution is a Markov random field with the
neighborhood of the same or smaller size as our chosen window. Experimentally it appears
that the window big enough to contain the largest texture “element” (determined by the
user) works for the resampling algorithm. Automatically determining the correct window
size for non-parametric resampling algorithms, and the scale of a given texture in general,

is an open challenge.

Another tuning parameter set by the user is the kernel bandwidth. In the algorithm imple-
mentation it was determined empirically and held constant for all the textures, so it only
needs to be done once. It is possible that some methods for bandwidth selection used in
density estimation could be applied here, although one does not expect drastic practical im-
provements. Another possibility is to select both the window size and the kernel bandwidth
adaptively by minimizing some quantitative similarity measure between the synthesized
texture and the original. Many such measures exist and they will be discussed in detail
in the next chapter. However, the performance of such measures is inferior to that of a
human, and synthesizing many texture samples may become computationally expensive, at
least with this version of the algorithm. With the new speeded-up versions, however, this

may prove a promising research direction.
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Chapter 3

Texture Classification and Metrics

on Distributions

In this chapter, we consider the problem of texture classification. Section 3.1 introduces the
problem and the benchmarking methodology used for evaluation of classification algorithms,
and reviews some of the previously proposed approaches. Section 3.2 introduces a heuristic
distance on distributions called the Earth Mover’s distance, which was used in computer
vision literature for texture classification. We show that this distance is equivalent to the
Mallows distance on probability distributions, and how to compute it from data to obtain
the best classification results. In Section 3.3, we derive an approximate Bayes rule for
texture classification which performs significantly better than classifiers based on similarity
measures. We also show how this Bayes rule relates to the Mallows distance and suggest a
modification to the distance that improves its performance for texture classification. Section

3.4 concludes with discussion.

3.1 Overview of Texture Classification Techniques and

Methodology

Texture classification is the problem of assigning a new texture image to one of the previously

known texture classes. It is an important problem in computer vision in its own right,
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and it has applications in remote sensing, quality control, and medical imaging. Unlike
texture synthesis, texture classification methods have a quantitative measure of success:
classification error rates on commonly used databases. This validation is independent of
the underlying model or method used for classification, which makes comparison of different
methods a lot easier. It also makes the problem of texture classification more approachable

from a statistician’s point of view.

A number of approaches to texture classification have been proposed in the literature. Early
methods focused on co-occurence matrices and higher-order statistics in the Julesz sense
[98], [95], and multiresolution co-occurence matrices have been used recently [97]. Model-
based classification methods were also popular, including Gaussian [12] and binomial [19]
Markov random fields, and autoregressive models [24], [63]. The problem with model-
based methods for classification is the same as for synthesis: a small number of parameters
cannot capture the structure of a real texture, and a large number of parameters cannot be
estimated reliably. It is also difficult to evaluate older methods because for computational

reasons results are usually reported for a very small hand-picked set of textures.

Many texture classification methods are also based on multi-resolution filtering (see e.g. [3]
for a typical use of Gabor filters, and [69], [79] for comparative studies. These methods
have been successful for a wide range of textures, although classification errors on standard
databases remain far from perfect even for the best methods. Other modern techniques
used for texture classification include Hidden Markov models [75], fractal analysis [14, 54],
and two-dimensional wavelets [11, 100]. For some applications, rotation- and scale-invariant

texture classification methods are important [41, 72].

Many texture classification methods, no matter what their underlying models or methods
are, involve computing texture similarity measures — a quantitative measure of whether
two textures look alike. Similarity measures are key to texture classification, and they are
also important for texture segmentation and image retrieval. In fact, we were first led
to similarity measures by the need to quantify the difference between outputs of various

texture synthesis methods.

Typically a given similarity measure is evaluated by testing its classification performance
on a standard database of textures. Omne of the most commonly used databases is the

Brodatz album of textures [10], which contains photographs of about 100 natural textures,
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taken under controlled illumination conditions. This is the database on which we will test
our methods as well. In order to create a training set, one typically extracts /N random
non-overlapping patches from each texture image in the database. The number of patches
depends on the size of the original image available (our Brodatz database textures are about
600 x 600 pixels). It also depends on the patch size one intends to classify, and in general
it is a good idea to test the method on several patch sizes, since the smaller the patch, the

harder it is to recognize the texture.

Once the training set is created, leave-one-out cross-validation together with k nearest
neighbors classifier is commonly used to evaluate the performance of a similarity measure.
That means that each texture patch is in turn left out of the set, its similarity to all other
patches is computed, and it is assigned to the class the majority of its k nearest neighbors
belongs to. The classification error is computed as the percentage of patches incorrectly
assigned by this procedure. Even though a more standard statistical practice is to leave out
a larger fraction of the data for the test set, say 1/3, we choose to follow the leave-one-out
cross-validation scheme in order to be able to compare our results with others published in

the computer vision literature [76].

While generic image similarity measures can be based on many factors such as color, texture,
or shape, for texture images it is natural to consider similarity measures that compare

feature distributions. Recall that any image represented by pixel intensities
{X(tl,tg) : (tl,tg) €DCN x N}

can also be represented by its responses to a filter bank {w;, j = 1,...,J}. Instead of a

single intensity value, we now have a vector of filter responses
{Y=M,...,Y))(®),: te D}
at every pixel location ¢ = (¢1,12), where

Yj(t) = ) wi(t —$)X(s)

seED

forall j =1,...,J. As discussed in the Introduction, a texture can be characterized by the
distribution of vectors Y over the index set D. Note that location information is lost when

we look at the distribution over the whole image; however, the filters across different scales



42

and orientations already capture much of the local correlation structure, and we do not
expect much correlation between pixels far apart by the definition of texture. Empirically

this representation has been shown to work very well for textures [106, 76, 59].

There are many issues involved in designing a texture similarity measure based on comparing
feature distributions. One needs to decide how to estimate the feature distribution over the
image: by fitting a parametric model, or using one of the many non-parametric estimates,
e.g., a histogram, the empirical distribution function, or a nearest neighbor density estimate.
Another issue is whether to estimate the joint distribution of all the filters, or just the
marginals of individual filters. The number of filters in a filter bank can be large (in our
case 40) and there may not be enough data to estimate such a high-dimensional distribution
accurately. The marginals, on the other hand, can be estimated quite accurately, but then
we lose the dependence information, and the filter outputs are clearly correlated (this issue
is discussed in detail in Chapter 4). If one chooses to use the marginals, there is also the
question of how to combine the distances between individual filters into a single measure.

Finally, a metric on distributions must also be chosen.

A number of different metrics on probability distributions have been used for various vision
tasks, including texture classification, segmentation, and image retrieval. Puzicha et al. [76]
did a large study comparing similarity measures and found that in general different tasks
require different metrics. Examples of metrics on feature distributions used for texture

classification include

(1) Distances on probability densities, such as the LP distance

.9 = ([ 170 - gto)Pas ) ”

and the Kullback-Leibler divergence (not a true distance)

d(f,9) = /log (%) f(z)da.

(2) Distances based on goodness-of-fit tests, such as the Kolmogorov-Smirnov distance on

cumulative distribution functions

d(F,G) = sup |F(z) — G(z)|
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and a measure for discrete probability distributions based on the y2-statistic (also not a

true distance)

_ (fi — (fi +91)/2)?
dif9) = Z (fi+ag)/2

(3) Heuristic similarity measures which do not derive directly from a probabilistic model or
a statistical test, such as “Weighted Mean Variance” distance [62] between two real-valued

samples X and Y which computes the t-statistic for both the sample means and variances:

_ |z — 7| sz — 3y|
dX.Y) = SE(Z—9) SE(sgz—sy)

This distance appears to be useful when the image size is so small that even the one-
dimensional filter marginals cannot be estimated reliably. Another heuristic distance that
performs very well for texture classification is the so-called Earth Mover’s Distance, which

we describe in detail in the next section.

3.2 The Earth Mover’s Distance and the Mallows Distance

The Earth Mover’s distance (EMD) was first introduced by Rubner et al. for color and
texture images [83, 84]. This distance can be applied to distributions of points (e.g., colors
or texture features) as long as the space of points is equipped with some similarity measure.
Rubner et al. demonstrated that it works well for image retrieval [83]. In addition, it was
shown that the EMD outperforms many other texture similarity measures when used for
texture classification and segmentation [76]. The EMD has many attractive properties —
to some extent it mimics the human perception of texture similarities, it allows for partial
matches, and there exist efficient algorithms for computing it. However, the EMD is a

purely empirical measure, with no probabilistic interpretation.

The concept of EMD is not new, although implementations and applications vary. The
match distance for histograms of pixel intensities introduced in [86] in 1983 and its multidi-
mensional extension [103] are based on the same idea of matching the closest values. And
there is an equivalent metric on probability distributions known as Mallows, or Wasserstein,
distance, which has a clear probabilistic interpretation. It was introduced in the statistical

literature in 1972 by Mallows [61], but it had also independently appeared a little earlier in
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physics and probability literature, and some date it all the way back to the 1940s [77]. For
the case of two distributions with equal masses, the EMD is exactly the same as the Mallows
distance. The case of unequal masses is not formally covered by the Mallows distance as all
probability distributions are normalized to have total mass 1. In this case, the EMD and
Mallows behave differently, and one may have an advantage over the other depending on

the context.

3.2.1 Definitions and Equivalence

Let us start with the formal definitions of the two distances. The Earth Mover’s distance
is defined for ”signatures” of the form {(z1,p1)...,(Tm,pPm)}, where z; is the center of
data cluster ¢ and p; is the number of points in the cluster. The signatures are not nor-
malized, so the total masses of two signatures may not be equal. Given two signatures
P = {(z1,p1)s- - (@m,Pm)} and Q@ = {(y1,491),---, (Yn,qn)}, the EMD is defined in terms

of an optimal flow F' = (f;;), which minimizes

m n
W(P,Q,F) =YY" fijdij
i=1 j=1
where d;; = d(x;,y;) is some measure of dissimilarity between z; and y;, e.g., the Euclidean
J j j

distance in R%. In the EMD terminology, W (P, Q, F) is the work required to move earth

from one signature to another. The flow (f;;) must satisfy the following constraints:
fij 2 0, 1<i<m,1<j<n (3.1)

n

Zfij < pi, 1<i<m (3.2)

Jml

> fi

i=1

m n m n

NS fiy o= min D pi, > g (3.4)
=1 j=1

i=1 j=1

IN
g
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Constraint (3.1) ensures that only non-negative amounts of earth are moved. Constraints
(3.2) and (3.3) say that you can take no more earth than you have in P, and move no more
than fits into ). Constraint (3.4) makes sure that one histogram is completely transformed

into the other (and it is always less work to move the smaller one).
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Once the optimal flow f; is found, the Earth Mover’s distance between P and @ is defined

as

Doty 2g—y fidij
Z;il Z?:l ;3'

Now let us switch to the statistical terminology and introduce the Mallows distance. X and

EMD(P,Q) = (3.5)

Y are now random variables with distributions P and Q in R%, respectively. The Mallows
distance between P and @) can in general be defined by the minimum of the expected
difference between X and Y, taken over all joint probability distributions F' for (X,Y’) such
that the marginal distribution of X is P and the marginal of Y is Q:

My(P,Q) = min{(Ep||X —Y|P)"?: (X,Y)~F
X~P Y ~Q}
Here p can be any number greater or equal to 1, but the most interesting cases are p = 1
and p = 2. || - || is usually taken to be the Euclidean or L' vector norm. Unless otherwise

stated, we use L! vector norm ||z| = ZZ:1 |z(¥)|. For the definition to make sense, the

distributions P and ) must have finite p-th moments: E[||X]|P] < oo and E[||Y||?] < oc.

Now let us write out this definition for the case of two discrete distributions

P = {(xlapl)a"'a(xmapm)L
Q = {ya),--s Wn )}

Note that signatures can always be converted to proper probability distributions by nor-
malizing the weights to add up to 1. We need to minimize the expectation under F' = (f;;),
the joint distribution of X and Y:
m n m n
Bpl| X =YIP =Y fijllwi —yill? =D fisdis-
i=1 j=1 i=1 j=1

The distribution F' is subject to the following constraints:

> fij = pi, 1<i<m (3.7)
j=1
m
Zfij = ¢, 1<j<n (3.8)
i=1

m

SN fii o= Dopi=) g=1 (3.9)

i=1 j=1 i=1 j=1
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Mallows EMD
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Figure 3.1: The difference between distributions and signatures: same data, different
normalization

Constraints (3.6) and (3.9) ensure that F is indeed a distribution and are the same for the
EMD flow (since both P and @ are proper probability distributions with total mass 1, (3.4)
is the same as (3.9)). Moreover, as long as P and @ have the same total mass, the EMD
constraints (3.2) and (3.3) are forced to become equalities in order to satisfy (3.4). As noted
in [83], for signatures with the same total mass the EMD is a true metric on distributions,
and it is ezactly the same as the Mallows distance (note that normalizing signatures with

the same mass to have total mass 1 does not affect their EMD).

When the two signatures have different total masses, the EMD does something truly different
from Mallows. Let us start with a toy example: suppose we have two sets of data, X =
{1,4}, and Y = {1, 2,3,4}. If we normalize these to have total mass 1, then each point in
X has weight 1/2, and each point in Y has weight 1/4. Take p = 1 for the Mallows distance
and measure the ground distance between observations by the usual distance on the line.
It is easy to see that the shortest way to move “earth” from one histogram to the other in
the left panel of Figure 3.1 is to leave 1/4 at 1 and 4 each (0 work) and to move 1/4 from
1 to 2 and from 4 to 3 (work is 1/4(2 — 1) +1/4(4 — 3) = 1/2). The joint distribution of X
and Y that gives mass 1/4 to pairs (1,1), (1,2), (4, 3), (4,4) and 0 to all others satisfies the
constraints and solves the optimization problem, and M;(X,Y) = EMD(X,Y) = 1/2.

However, if we use signatures and give every point weight 1 (so that the total mass of X is 2

and the total mass of Y is 4), it is easy to see that EMD(X,Y) = 0 (one can either compute
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it directly or note that X is a subset of Y and the EMD allows for partial matching). Arrows

on Figure 3.1 show how the points are matched in both cases.

From the point of view of classical statistics, this property of the EMD is probably a dis-
advantage, because in a sense it ignores the sample size. In the toy example above, even
if Y contained a thousand other points with very different values, the distance between X
and Y would still be 0, so just two points from a sample of a thousand would determine the
distance. However, there exist other contexts where partial matches may be appropriate,
such as image retrieval, where one might, for example, look for all images which contain
a tiger. Nevertheless, since the EMD allows for matching any part of the distribution, no
matter how small, partial matches may be spurious, especially if the sizes of the two sig-
natures being compared are very different. It is quite possible that textures would produce
spurious matches. Note that the excellent EMD texture classification results reported in
[76] were obtained by comparing signatures of the same size, so partial matching was never
a problem. Also, the EMD on signatures is not invariant to weights scaling, unless both
signatures are scaled by the same factor. So if, for example, one of the two texture patches
is duplicated to produce a larger image, the distance between the two textures will change.
Partial matching is a computationally efficient and convenient way to search a large image
for a small match, but it should be used with caution, especially outside the image retrieval

context.

3.2.2 Computing the Mallows Distance from Data

In practice, the distributions which we want to compare are unknown, so the distance
between them cannot be computed exactly. In the texture framework, for example, if we
believe that two textures have “true” feature distributions P and (), then our goal is to
estimate the distance d(P, Q). However, we do not know P and @, so one way to estimate
the distance would be to construct some distribution estimates P and @ from data and

estimate d(P, Q) by d(P, Q). The triangular inequality implies that

so if the distribution estimates P and Q are good, then the distance will also be estimated

accurately. This is not the only possible way to estimate the distance, but it is rather
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natural.

It is important to distinguish between the issues of picking the right distance for the problem
(e.g., Mallows or x? or L) and estimating the distributions well from the available data.
There is an abundance of literature on how to estimate distributions (two good sources on
density estimation are [89] and [26]); the choice depends on the amount of available data,
the dimensionality of the data, and the assumptions about the distribution one is prepared
to make. Once the distributions are estimated, one must make another choice on how to
measure the distance between them, which usually depends on the problem. There are no
a priori reasons for these two issues to be connected, other than perhaps computational

complexity.

In theory, the Mallows distance can be computed for any probability distribution, discrete or
continuous; in practice, it is convenient to use optimization algorithms for the transportation
problem [58], so the distributions need to be discrete. The optimization problem can be
stated especially compactly if we have two samples of the same size X = {z1,...,z,} and
Y = {y1,..-,yn} and use the empirical distribution function as our estimate (i.e., give
every point weight 1/n and do not bin). Then the Mallows distance between empirical

distributions is

n 1/p
1 .
My(X,Y) = (— min ZII%—wJI”) (3.10)

n (.717"".777,) i=1
where the minimum is taken over all possible permutations of {1,...,n}. In this case it
is convenient to use the Hungarian algorithm for the optimal assignment problem [55], a

special case of the transportation problem.

The case of one-dimensional data is special, because the Mallows distance between distri-

butions on the real line can be computed explicitly:

M,(F,G) = (/01 |F~Y(t) — G (¢) |Pdt> l/p.

For the case of two samples of size n whose distributions are estimated by the empirical
distribution function, this formula becomes just the LP vector distance between the sorted

vectors (1) < --- < () and Yy < -+ < Y

n 1/p
1
Mp(X,Y) = (5 >l - y(i)l”> : (3.11)
=1
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It is interesting to note that the match distance on one-dimensional “unfolded histograms”
for texture intensities [86] and its multidimensional extension [103] introduced in the com-
puter vision literature in the 80s can be written in the form of equation (3.10). Both of

them are nothing but the Mallows distance applied to the empirical distributions.

If we have two samples of unequal sizes m and n, it is still possible to apply the Hungarian
algorithm by replicating each observation so that both samples have the size of the least
common multiple of m and n. Of course it only makes sense to do so if the least common
multiple of m and n is not too large; otherwise in practice one bins the distributions or

applies the general algorithm to the rectangular matrix.

In the original EMD papers [83, 84], the EMD was applied to “signatures”, which represent
the joint distribution of filter outputs by an adaptive-bin histogram. This technique has
some attractive properties: the way the signatures are constructed for textures — clustering
filter responses into a few clusters and then computing the frequency of each cluster —
corresponds to the concept of textons in the sense of [59]. There textons were defined as
frequently occurring filter responses, or texture prototypes, and texton distributions were
estimated by the same technique as the one used for texture signatures in [83], i.e., clustering
filter responses and computing cluster frequencies. Both [59] and [83] demonstrate that the

distributions of textons provide an accurate and compact way to describe textures.

However, one must be aware that even though the clustering approach does not depend on a
fixed bin size, there are still artifacts from the choice of the clustering algorithm, the number
of clusters, etc. Using the empirical distributions, on the other hand, does not involve any
additional algorithms or parameters, and it may lead to a more accurate estimate of the
distance between distributions (if it is computationally feasible to use the whole sample).
However, the dimension of the data should also be taken into account: the one-dimensional
data is special, since it only requires sorting, but in dimensions 2 and higher it may be
necessary to coarsen the distribution estimates if the transportation problem algorithm

becomes slow, or else apply a Monte Carlo optimization method.

To make the above considerations concrete, we compared the performance of five different
distribution estimates using the Mallows distance for texture classification. Since extensive
evidence of the usefulness of the EMD has been published [84, 83, 76] and due to the large

computational effort involved, for the purposes of comparing the distribution estimates we
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Figure 3.2: The MeasTex database

performed the classification on the relatively small MeasTex texture database [68], which

consists of 16 Brodatz textures [10]. This database is shown in Figure 3.2.

Following the benchmarking strategy of [76], we extracted sets of 16 random non-overlapping
blocks from each texture, with sizes 16 x 16, 32 x 32, 64 x 64, 128 x 128, and 4 blocks of
size 256 x 256 (because of the limited size of the original image). Then for each sample size
we computed the classification error by leave-one-out cross-validation. This means leaving
out each image in turn, computing its Mallows distance to all the other images for the
distribution estimate in question, and assigning it to the class of its nearest neighbor. The

classification error is computed as the percentage of incorrectly assigned images.

We use the filter bank of 40 derivative of Gaussian filters described in the Introduction. We
found that for all image sizes and all distribution estimates the smaller the filter support,

the better the results. In fact, the best overall results are obtained when the filter support
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support error
31 13.3
19 13.3
13 12.1
5 11.7
3 5.9

Table 3.1: Classification errors (%) for different filter support sizes

window is shrunk to the smallest possible size, 3x 3 pixels. Table 3.1 reports the classification
errors for 32 x 32 patches, with the Mallows distance computed on the empirical distribution
estimates of the filter marginals (shown below to be the best choice of estimate). For larger
patch sizes, the results do not differ as much for different filter supports (possibly due to
the edge effects being less noticeable), but the trend remains the same. From this point
onwards, we will use the filter support w = 3 unless stated otherwise. Computationally,
the small filter support is also better, since it makes convolving the filter with the image

noticeably faster.

We tested five different methods of estimating the distribution of filter responses. For
estimating the marginals, we compare the empirical distribution (each data point gets weight
1/n) with three estimates used in [76]: coarse fixed-bin histogram (16 bins), fine fixed-bin
histogram (256 bins), and adaptive-bin histogram where responses are clustered into 16 bins
by the k-means algorithm. Fixed-bin histograms are easy to compute and store, but they
are not always accurate. They are also sensitive to the choice of bin width. Adaptive-bin
histograms, such as signatures, concentrate on the relevant part of space only, and require
a lot less memory than the empirical distribution. However, the empirical distribution is
faster to compute. It also has the extra advantage that the Mallows distance between
two empirical distributions of size n can be computed very fast as the distance between
sorted vectors, while all histogram estimates require solving the transportation problem to
compute the Mallows distance. For all estimates of the marginals, the Mallows distance

between two textures was computed as the sum of distances between their marginals.
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For the joint distribution of filter outputs, computing the Mallows distance between em-
pirical distributions is computationally infeasible for images with more than a few hundred
pixels. The fixed-bin histograms do not work very well in high-dimensional spaces, since
many bins can be empty unless the histogram is very coarse. Therefore only adaptive-
bin histogram was used to estimate the joint distribution of filter responses. The Mallows

distance between the joints was computed by the transportation problem algorithm.

Classification errors obtained with different distribution estimates are presented in Table
3.2. The empirical distribution function, which contains more information than other es-
timates of the marginals, consistently does better than all the others. The adaptive-bin
histogram is nearly as good and requires less memory, but takes longer to compute. The
fixed-bin histograms perform substantially worse. The joint distribution of filter responses,
which theoretically contains more information than the marginals, performs worse than
the marginals estimated either by the empirical distribution or the adaptive-bin histogram.
This agrees with results in [76], where using marginals of filter responses rather than the
joint distribution produced somewhat more accurate EMD classification. This effect could
be partly due to clustering which is necessary to make the Mallows distance computation
feasible. More likely, however, it is due to the “curse of dimensionality”, since we are trying
to estimate a 40-dimensional distribution. In fact, it is surprising that we can estimate it
at all well, which suggests that the distribution may concentrate on a subspace of a lower
dimension. In any case, the results in Table 3.2 show that in this case it is better to estimate
individual filter marginals (and in effect assume that filters are independent) than to try to
estimate the full covariance structure of the filters. These issues are further investigated in

Chapter 4.

The Mallows distance can also be applied directly to pixel intensities. The texture syn-
thesis method [33] discussed in Chapter 2 along with the perceptual studies discussed in
the Introduction suggest that the appearance of texture is largely determined by the joint
distribution of pixel intensities in a window of a suitable size. It is also consistent with
the idea that filter responses determine texture appearance, since the joint distribution of
pixel intensities in the filter support window determines the distribution of filter responses.
Therefore it makes sense to apply the Mallows distance to small texture patches sampled
from the original images. Using all the patches may be better, but is computationally infea-

sible, since we have to solve the optimal assignment problem. The samples were created by
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Marginal dist. Image size

estimate 16 32 64 128
Empirical 35.9 5.9 2.0 0
Adaptive hist. 36.3 8.2 2.0 0
Coarse hist. 45.3 12.5 4.7 1.2
Fine hist. 52.0 28.9 14.1 7.0
Joint (adapt.hist.) 42.6 19.5 3.5 0.8

Table 3.2: Classification errors (%) for different distribution estimates

sampling at random a fixed number (n = 300) of overlapping 10 x 10 texture patches from
each image. The ground distance between patches was measured as the sum of squared
differences of pixel intensities. Table 3.3 shows that this method produces reasonable clas-
sification rates, although it seems so simple-minded that one would not expect it to work
at all. Our texture database is grayscale, but the same methods can be applied to color
textures as well, e.g., by treating each color coordinate of the (R, G, B) vectors separately

and combining the distances.

Note that, unlike in the case of distances based on filter distributions, increasing the image
size does not help the pixel intensities method much, because we are always sampling a fixed
number of squares. The slightly worse result for 256 x 256 image size could well be due to
sample variation, and to the fact that for the largest size we only have 4 representatives per
class, while for all other sizes we have 16. Sampling more patches from larger images would
increase the accuracy. However, the methods based on filter responses are better (see Table
3.2), and this example is intended more as an illustration of the importance of using the

right representation of the data.

In this section we have demonstrated the equivalence of the Earth Mover’s distance and the
Mallows distance and investigated different ways of using them for texture classification. In
the next section, we present a different approach to texture classification which is not based

on similarity measures.
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Image Error
size (%)
32 29.7
64 19.5
128 12.1
256 12.5

Table 3.3: The Mallows distance applied to pixel intensities

3.3 An Approximate Bayes Rule for Texture Classification

In this section, we step back from texture similarity measures and ask ourselves the following
question: what is the best texture classification result we could possibly get from filter
marginals? We consider only the filter marginals here, not the joint distribution of filter
responses, because of the inferior performance of the joint and the difficulties involved in

estimating it, as discussed in the previous section.

We think of each observed texture patch as a part of an infinite unobserved texture sheet.
This unobserved infinite texture is associated with the vector of its filters marginal distri-

butions
T ={T",..., TV},

where J is the number of filters in the filter bank.

One possible way to think of a class of textures (for instance, all images of sand) is to
assume they all have identical “true” filter distributions 7. However, this assumption may
be too strong for a real collection of textures, and although the distributions within one
class are certainly similar, there is no reason to believe they must be identical. Instead,
we assume that each class ¢ has a probability distribution f; of filter marginals, and each

texture in the class is one random realization of this distribution.

The problem of texture classification then comes down to the class distributions f;. If we

knew the true class distributions, it is well known that the optimal classifier is the Bayes
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rule [27]. The Bayes classifier C(T) assigns a new texture 7' to the class that gives it the

maximum posterior probability:

C(T) = arg max P(T|class i) = arg max f;(T)
2 (]

Here we make an important simplification. We assume that filter marginals are generated

independently: for all classes %
J ] _
1) = T[19@).
j=1

This assumption is hardly realistic, since filter responses are correlated, especially for filters
at the same orientation across different scales. Instead, we think of it as a simplification
necessary to handle such high-dimensional data. It is well known that in many classical
statistical problems it is more beneficial to assume independence than to estimate the full
covariance structure when the amount of data is limited. We will discuss this issue in
Chapter 4, and for now, we will proceed with the independence assumption and see what

results we can get from it.

Once we have assumed independence, the Bayes rule can be written as

J
C(T) = arg maxz log fi(J)(T(j)) (3.12)
2 ]71

In reality, neither the class densities fl-(j ) nor the filter marginals 77) of the input texture are
known. However, we have the training data from which we could estimate the class densities,
and we can estimate the “true” filter marginals from the observed part of the (infinite) input
texture. The many ways in which the marginal distributions can be estimated were discussed
in the previous section. On the basis of classification results obtained there (see Table 3.2),
and for computational convenience discussed below, we choose the empirical distribution
as our estimate of the filter marginals. The first approximation that we make in the Bayes
rule (3.12) is

TU) 2 TU), (3.13)

where Tr(bj ) is the empirical distribution of filter 7 responses over the input texture 7', and n
is the number of pixels in 7. Note that in our benchmarking methodology all the training

texture images and the texture to be classified are of the same size. This may not always
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be the case in a general setting, but it makes sense to compare patches of the same size,

and the method developed below is easily extended to the case of unequal patch sizes.

Here we will continue with the case of all patches being the same size, because we can
exploit this fact to obtain a simpler representation of the empirical distribution. Since all
the weights of all the sample points are equal to 1/n, they do not give us any additional
information and we can drop them altogether. The empirical distribution can then be

thought of as simply the vector of order statistics, a single point in R™:

~

The training data can also be represented in the same manner. For a given texture class
with N; training images, the relevant data are the empirical filter marginals ]A%Z(’Jl), e ’RZ(,JJ)\Q
for all filters j = 1,...,J. All these marginals are also vectors of order statistics, i.e., points

in R™. Therefore, the problem is reduced to classification in R™.

In order to use the Bayes rule (3.12), we also need to estimate the class distributions fz-(j )
for each filter 7 and class 7. Since the filter marginals are now vectors in R"™, we can use any
method of estimating an n-dimensional density. We must, however, keep in mind that n is
very large — for the smallest patch size n = 256 and for the largest n = 65,536. Therefore it
seems unlikely that any parametric model could be of use here. If the number of parameters
in such a model is low, the estimate will not approximate the true density well, that is, the
bias will be large. On the other hand, if the number of parameters is high, there will not
be enough data to estimate the density accurately, and the variance will be large — the
maximum number of representatives from a single class in our dataset is 16, and in a real-
life setting it is unlikely to be much higher. In addition, a big computational effort may be

required to evaluate the likelihood of a complex parametric model.

It seems more efficient and practical to estimate the class distributions fl-(j ) by a non-
parametric method. We choose one of the simplest methods, k-nearest neighbor density
estimation (see e.g. [89]). Let }A%Z(fl), ... ,RZ(,])W be the vectors representing the empirical

marginals of filter j from class 7 training textures. Let
duni,3) = |79 = RO |

be the Euclidean distance (in R") from the input texture vector to the m-th training vector



57

from class ¢, for filter j. Order the distances so that
di(i,j) < -+ < dn;(i,7)-

Now dj(i,7) is the k-th smallest distance from TG to the training sample from class 3.
Then the k-th nearest neighbor density estimate is
k/N;

M) — 2
|B(TW), dy (i, )|

(3.14)

where B(T'0), d(i, §)) is a ball of radius dy(i,5) in R*, and |B(T'Y), dy (i, §))| is the volume
of the ball,
|B(TY), dy (i, 5))| = Cr(dy (i, )"

This estimate is based on the simple idea that the fraction of points from an i.i.d. sample
falling into a ball is roughly the density of the underlying distribution at the center of the ball
times the volume of the ball. If the radius of the ball is taken to be a constant bandwidth
h, we get a flat kernel density estimate. For the nearest neighbor density estimate, the
number of points falling into this ball is taken to be a constant k, and the radius of the
ball is determined by the distance to the k-th nearest neighbor. Much is known about the
properties of both estimates [26], [89].

If we plug in the approximations (3.13) and (3.14) into the Bayes rule (3.12), the rule

becomes

J
k/N;
C(T) = argmax log ———————.
(1) = argmx ) 108 G 0a, G e
If we now drop the constants that do not depend on 7, we get the final

Approximate Bayes rule

J
C(T) = arg miinz log (N;di (3, 7)) - (3.15)
j=1

This rule depends on only two things: the distance from the input filter vector j to its k-th
nearest neighbor from class 4, di(i,7), and the number of representatives of class ¢ in the
training set, IV;. Computationally, all this rule requires is sorting the filter outputs from
each image and computing Euclidean distances between them. This computation is entirely
straightforward and fairly quick compared to clustering required for an adaptive histogram

and solving the optimization problem for the Mallows distance in the general case.
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Even though we derived this approximate Bayes rule by treating the empirical distributions
of filter outputs simply as vectors in R", it is directly connected to the Mallows distance on
distributions. Recall that for real-valued data and p = 2, the Mallows distance is exactly
the Euclidean distance between sorted sample vectors:

n

1/2
PN 1
My (Fy, Gp) = (; Z(iv(i) _y(i))2> .

i=1
This means that rule (3.15) can also be expressed in terms of the Mallows distance between
the empirical filter marginals. For the sake of simplicity, let the number of nearest neighbors
used for density estimation k£ = 1 (this is what we use for the texture classification results
reported below). Let My be the Mallows distance on probability distributions with p set to
2. Then rule (3.15) can be written as
J .
C(T) = argmin’y _ log (Ni min My (79, REQ)) .
j=1

In a sense, the approximate Bayes rule gives a measure of how similar a texture is to a
training sample from a known class. We can think of it as a “distance” from one texture to
a group of textures:

J
d(T,Ry,...,Ry) = log (N min My (10, R,ﬁ”)) . (3.16)
j=1

However, in many applications one needs to measure the similarity between two texture
patches. In particular, many segmentation algorithms including those of [59] and [76] use
some distances on texture patches. To produce such a distance from our rule, all one needs
to do is assume that the class consists of one representative. Then (3.16) gives a “distance”

between two textures

J
d*(T,R) =) _log My(T'), RY). (3.17)
j=1

This measure is of course not a true distance, since it is not even necessarily positive, nor
does it have any other distance properties. We could make it non-negative by considering
exp(d*(T, R)), the product of marginal Mallows distances. However, all that matters for
classification purposes is the relative ordering of the measures, which would not change
whether we take exponents or not. This similarity measure provides a novel way of com-

bining the distances between individual filter marginals into a distance between textures.
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Image Bayes Sum of Sum of
size rule logs dist.
16 15.6 32.8 35.9
32 3.5 3.5 5.9
64 1.2 1.2 2.0
128 0 0 0
256 0 0 0

Table 3.4: Classification errors (%) for the MeasTex database

The usual way (which we used in the previous section) is to add the distances between the

marginals, not their logs:
J

d(T,R) =Y My(TD, RY)). (3.18)

j=1
Next, we compare three different methods for texture classification: the approximate Bayes
rule (3.15), and two different similarity measures — the sum of marginal Mallows distances
(3.18) and the sum of their logs (3.17), used in conjunction with the nearest neighbor
classifier. We report the results for the number of nearest neighbors k£ = 1; the results for

k =3, 5, and 7 have also been computed and are in most cases similar to those for k = 1.

Table 3.4 reports the classification errors for the MeasTex database. The approximate
Bayes rule outperforms the traditional similarity measure (3.18) for every image size, and
for 16 x 16 patches, which are the hardest to classify, the improvement is over 20%. The
new similarity measure based on logs of the distances (3.17) also performs better than
(3.18), although not by as much. For large patch sizes (128 x 128 and 256 x 256) which
are the easiest to classify, all three methods perform perfectly. To properly compare the
performance on large patch sizes, one would need to compare the measures on a larger

database.

To confirm the results obtained on the MeasTex database and to get a better idea of the

performance of these methods on large images, we also tested them on the full Brodatz
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Image Bayes Sum of Sum of Best sim.
size rule logs dist. measure
16 40.0 53.5 57.8 34
32 20.5 26.7 29.4 19
64 7.9 11.3 12.2 8
128 3.0 3.7 3.7 3
256 1.3 4.0 4.3 3

Table 3.5: Classification errors (%) for the Brodatz database

database. In order to be able to compare our results with the large similarity measure
benchmarking study in [76], we leave out the same set of images (D25, D30, D31, D39 —
D45, D48, D59, D61, D88, D89, D91, D94, D97). All these images are photographs of large
patterns that do not possess the texture property in our sense, and would not appear similar
if cut up into smaller patches. The total number of textures we included in our experiments

is 94.

The results reported in Table 3.5 confirm the pattern we saw on the smaller database. The
approximate Bayes rule still performs better than the other two measures, with the greatest
improvement achieved for the smallest patch size. The similarity measure based on the logs
of the distances still wins over the sum of the distances for all patch sizes, although it is a lot
worse than the Bayes rule. Also notice that for the two similarity measures the performance
for 256 x 256 patches is worse than for 128 x 128 patches. This must be because we only
have 4 patches in each class for the 256 x 256 size, due to the limited size of the original
image, while for the 128 x 128 size we have 16 patches per class. The Bayes rule, however,

was not affected by this decrease in the amount of training data.

Classification errors for the same database and the same benchmarking methodology for
a large number of similarity measures are reported in [76]. The last column in Table 3.5
shows the lowest errors they could obtain over 3 different filter banks, 4 different choices

of distribution estimates (both joint and marginal), 10 different similarity measures, and
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4 different choices of k for the k nearest neighbors classifier. They found no uniformly
best choice in any of these categories, so these lowest errors cannot be obtained with any
one classification rule. Still, the Bayes rule compares very well to these errors and in
fact outperforms them for larger image sizes. A fair comparison with any single similarity
measure based classification would favor the Bayes rule even more, although it is difficult
to say by how much because of the way results are presented in [76]. Adaptive selection of

the number of nearest neighbors would also improve the performance of the Bayes rule.

3.4 Discussion

The equivalence between the Mallows distance and the Earth Mover’s distance demon-
strated in this chapter provides two benefits. It gives a solid probabilistic interpretation
to a purely heuristic distance on distributions invented solely for computer vision applica-
tions. The probabilistic interpretation may provide further insight into suitability of the
EMD for various vision tasks. On the other hand, the EMD supplies the rather abstract
Mallows distance with a nice graphical interpretation, and potentially suggests new areas

of application.

The comparison of different distribution estimates used to compute the Mallows distance
illustrates the point that high-dimensional data must be treated with special care and often
differently from low-dimensional data. The fact that the empirical distribution estimates
of filter marginals outperform all other distribution estimates, including the joint, suggests
that in some situations it may be more beneficial to ignore the correlations in the data if
the marginal distributions can then be estimated more accurately. This is an istance of the
classic trade-off between the number of parameters and the number of observations, even

though the methods we use are non-parametric.

The approximate Bayes rule we derived for texture classification shows that one can gain a
lot from using the maximum likelihood principle even when the model is non-parametric and
few assumptions can be made about it. It would be of some theoretical interest to provide
explicit asymptotic verification that the approximate Bayes rule error converges to the op-
timal Bayes error; it would likely require further assumptions about the densities. However,

the most important verification comes from the significant gains in classification accuracy
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on real textures. One should also be aware of computational complexity issues: while fixed-
bin histograms require linear computation time, the sorting done for the marginals used in
the Bayes rule adds an extra logn factor. If the computation is to be done many times

over, using a simpler distribution estimate may be preferable.

Among the many distribution distances used for texture classification, the Mallows distance
was shown to have a natural link to the approximate Bayes rule. The improved similar-
ity measure suggested by this link shows that the basic statistical principles of maximum
likelihood may lead to improvements in problems where they are not necessarily directly
applicable. Extending this method to a wider range of problems, particularly to texture

segmentation, is a fruitful direction for future research.
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Chapter 4

Applications of Dimensionality

Reduction in Texture Classification

In this chapter we consider reducing the size of the classification problem from two different
angles. Section 4.1 describes a way of reducing the dimension of texture filter marginals
by projecting them onto a low-dimensional manifold. Methods for manifold projection are
discussed in Section 4.1.1, and results of combining them with our texture classification
algorithms are reported in 4.1.2. Section 4.2 provides theoretical justification for reducing
the size of the problem by assuming the independence of features, which was instrumental
for obtaining results in Chapter 3. We consider this problem from the classical discriminant
analysis point of view, and show that when the number of parameters p and the number
of observations n both go to infinity and p/n does not go to zero, one can benefit from
assuming independence in a fairly general class of problems. Section 4.3 concludes with

discussion.

4.1 Reducing Data Dimension: Projections onto Manifolds

It is generally recognized in computer vision that, even though images are usually rep-
resented in the high-dimensional space of intensities at each image pixel or in the even

higher-dimensional space of filter responses, the perceptually relevant information can be
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represented in a much lower-dimensional space. The texton approach of [59] is one instance
of successful image dimensionality reduction for segmentation. The template matching
approaches are another instance of image dimensionality reduction, since the image is rep-
resented by a template and a few parameters defining its transformation. For texture, it
seems especially appropriate to use some compact low-dimensional representation, since a
large texture image contains a lot of redundant information by the very definition of texture.
The parametric Markov random field models for texture, e.g. those in [6], [37], and [17] are
one way to achieve this, and the later MRF models for filter marginals [106] are another
way to obtain a low-dimensional representation of texture. In general, almost every texture

algorithm makes some explicit or implicit use of a low-dimensional structure.

It is interesting to consider the approximate Bayes rule for texture classification described
in Chapter 3 from this point of view. We represent each texture image by the empirical
distribution marginal for each of the 40 filters, which is an extremely high-dimensional
structure (the dimension ranges from 162 x 40 = 10,240 for the smallest image size to
2562 x 40 = 2,621,440 for the largest size). Yet we are able to successfully estimate the
likelihood ratio and classify the textures with only 16 data points from each class in the
training set. Of course, the vectors for each filter represent distribution estimates, so one
would expect to be able to summarize them compactly. However, we do not do it explicitly,
and our method works well on data whose dimension is much higher than the number of
observations. This may be considered indirect evidence that the true dimension of the data

is a lot lower.

4.1.1 Methods for Dimensionality Reduction by Manifold Projections

Let us think of our high-dimensional data in R" as lying in some lower-dimensional subspace,
and assume it is an m-dimensional manifold, for some m < n. General manifolds can be
defined in a number of different ways; here we quote the following simple definition from
[40].

Definition. A subspace M C R" is called an m-dimensional manifold if it is locally diffeo-
morphic to R™, that is, each point z € M has a neighborhood U which is diffeomorphic
to an open set V' C R™. The diffeomorphism ¢ : U — V is called the local param-
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eterization, and the inverse diffeomorphism ¢! is the local coordinate system. (A

diffeomorphism is a bijection with continuous derivatives of all orders.)

We will, however, assume that the manifold M comes from a narrower class of manifolds,
for which there exists a single global diffeomorphism ¢: M — V, for some V C R™. This
excludes manifolds with “loops” that cannot be described by a single map; for instance, a

circle is not globally diffeomorphic to R, but a circle with one point removed is.

In this case it is natural to think that for two points X7 and X5 on the manifold, their
R"™ Euclidean distance || X; — X3||,, is less informative (for classification purposes) than the
geodesic distance on the manifold dps (X7, X2), which reflects the intrinsic geometry of the

manifold. However, for two close neighbors on the manifold one may expect
dy (X1, X2) = || X1 — Xolln,

since locally the Euclidean distance is a good proxy for the Riemannian metric on the
manifold. Therefore it may happen that the nearest neighbors methods can get to the
lower-dimensional structure where other methods fail. In particular, it may explain why
the approximate Bayes rule, which is based on nearest neighbors distances, performed well

for texture classification.

One possible way to investigate this issue is to apply some dimensionality reduction tech-
nique to the data and see how the classification rules perform on the projected data. The
classical techniques for dimensionality reduction are principal component analysis (PCA)
and multidimensional scaling (MDS), described in a number of books, e.g. [65] and [16].
PCA finds a lower-dimensional embedding of the data points that preserves their variance as
much as possible, while MDS tries to preserve distances or similarities between the points.
When the distances are Euclidean, MDS is equivalent to PCA. Neither of them, however,

is designed to detect a complicated nonlinear low-dimensional structure like a manifold.

Recently, two methods have been developed specifically for projecting high-dimensional
data onto a low-dimensional manifold, the Isomap by Tenenbaum et al. [94] and the Locally
Linear Embedding (LLE) by Roweis and Saul [82]. Given data points X1,..., Xy in R",
both these methods seek to map them to global internal manifold coordinates Uy,...,Un

in R™. The explicit goal of the Isomap is to find global coordinates such that the geodesic
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distances on the manifold can be well approximated by the simple Euclidean distances

between the projected points in R™,
du (X, X5) = [|Ui = Ujlim -

The LLE does not explicitly require its global coordinates to have this property, but it
is clear from its applications that the approximation is expected to hold as well. These
methods provide another way to approximate the distances on the manifold. We should
therefore expect that if our classification rule indeed utilizes approximate geodesic distances,
then we should get similar classification results when this rule is applied to the projected

data.

Both Isomap and LLE are built on the principle of using small patches, where Fuclidean
distances between neighboring points in the embedding high-dimensional space are a good
approximation to distances on the manifold, to recover the global structure of the manifold.

Isomap works in three steps:

(I1) A neighborhood graph is constructed by connecting each point to its neighbors (either
to k nearest neighbors or to all neighbors within €). The weight of each edge is the

Euclidean distance between the points.

(I2) The geodesic distances between each pair of points X; and X are approximated by the
length of the shortest path from X; to X; through the neighborhood graph. The idea

is that by moving from neighbor to neighbor one travels roughly along the manifold.

(I3) The classical MDS is applied to geodesic distances estimated in (I2) to obtain points

Ui,...,Uyn in R™ that best preserve the distances.

The Locally Linear Embedding also works from the set of neighbors, but it does not attempt
to estimate distances between all possible pairs of points. Instead, it uses the fact that
a smooth manifold can be locally approximated by a linear transformation. The LLE

algorithm proceeds in the following steps:

(L1) For each point X;, find its neighbors (either to k nearest neighbors or to all neighbors

within €).
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(L2) Find a linear transformation that reconstructs each point from its neighbors by min-
imizing

e(W) =Y _IIXi — > Wi Xl
i ;

subject to W;; = 0 if X; and X are not neighbors, and Zj Wi;; = 1. By construction,

these weights are invariant to linear transformations of the data.

L3) Keeping the weights found in (L2) fixed, find vectors U; € R™ that can be best
( g g

reconstructed from their neighbors with the same weights by minimizing
eU) =Y _IIU: =Y _ WiUjlm,
i J

subject to vectors U; having mean 0 and variance-covariance matrix equal to identity
(these constraints make the problem well-posed). The idea is that since the weights
are local and invariant to linear transformations, and the manifold map is locally

linear, the weights capture the intrinsic neighborhood geometry of both X; and U;.

These two methods were published simultaneously and were shown to produce similar re-
sults on a number of real high-dimensional datasets, including a set of face images. They
both require finding nearest neighbors and solving an eigenvalue problem, but Isomap also
requires finding the shortest path through the neighborhood graph, which takes O(N3)
operations, and it cannot handle graphs with more than one connected components. The
advantage of Isomap is that it is asymptotically guaranteed to recover the true structure
of Euclidean manifolds under some conditions [94], and it is also, from our point of view,
more intuitive than the LLE. The LLE is a purely empirical procedure, although some con-
nections to spectral graph partitioning and clustering have recently been demonstrated by
[4]. In practice, we found that LLE is faster and more stable for our data, so we will use

LLE for the results reported below.

4.1.2 Applying Manifold Projections to Texture Filter Marginals

Next we investigate whether manifold projection methods can be of use for our texture
classification rules. Recall that we represent our data — a single texture image — by the

marginal distributions over the whole image of responses to a filter-bank,

~

T =(TM,..., 7)),
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where J is the number of filters, and n the number of pixels. The approximate Bayes rule

for assigning a new texture T to one of the previously known classes (3.15) is

J
C(T) = argmin Y _ log(Nidi (i, §)) ,
(2 j:].

where N; is the number of textures from class i, and di (%, j) is the distance from the j-th
filter marginal Ty(ﬂ ) to its k-th nearest neighbor among j-th filter marginals of textures from
class i. Since the filter marginals are represented by empirical distribution functions, which
we view as simple vectors in R", the distance between them is computed as Euclidean

distance in R".

Note that the approximate Bayes rule depends exclusively on nearest neighbors distances,
and that the filters are assumed independent and their distances are computed separately.
If we believe that there is an underlying low-dimensional manifold where the filter marginals
actually live, then we should expect that when the marginals are projected onto this man-
ifold and the same rule is applied to their projections, the classification results should be

similar or better than those obtained from high-dimensional observations.

One very important quantity that we cannot determine from data is the true dimension
of the underlying manifold (assuming such a manifold exists). Neither Isomap nor LLE
provide good ways of estimating the dimension. Isomap can output the error associated
with MDS, which measures how well the geodesic distances are preserved when the points
are projected to R™, and then the true dimension can be estimated by the point where
the error curve “bottoms out” and stops decreasing much. However, this point is not at
all clear-cut for real data, and computing projections for many different values of m is not
feasible. As for the LLE algorithm, it provides no measure of the embedding quality at
all. Therefore, we compute projections for several values of m and judge the quality of the

embedding by classification error, which is all that matters for our purposes.

Since filters are assumed independent, it makes sense to treat them separately and create a
separate manifold for each filter. Once the filter marginals are projected, the approximate
Bayes rule is applied to them exactly as it was applied to full vectors. As before, we first
check this method on the smaller MeasTex database, with 16 textures cut up into 16 patches
each. Here we omit the 256 x 256 image size because we can only get 4 samples from each

class and that may not be enough for a good quality projection, and therefore is hard to
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Image size
Dim. 16 32 64 128
full 15.6 4.3 1.2 0
3 30.5 14.5 6.3 1.2
5 28.5 12.1 3.5 0.8
10 20.7 5.9 2.0 0.4
20 14.8 2.0 0.4 04
30 14.5 2.0 0.4 0
50 13.3 2.0 0.8 0
70 18.0 2.3 0 0

Table 4.1: The Bayes rule classification errors (%) on MeasTex database for manifold
projections

compare to others. The results for several manifold dimensions are reported in Table 4.1.

The first line of Table 4.1 gives the errors obtained on the full data as a basis for comparison.
We can see that when the data are projected onto a very low-dimensional manifold, the
classification errors go up. However, as more dimensions are added and the manifold is
better able to capture the data structure, the errors decrease and eventually become lower
than those obtained on full data, reaching the minimum at manifold dimension 30 or 50.
After that the error increases slightly again. This pattern, with slight variations, holds for
every image size. For every dimension, the larger images are always easier to classify than

the smaller ones.

These results again show that it is important to have a way of estimating the dimension
of the underlying structure. Perhaps they can even be used as a rough guideline for deter-
mining the dimension of our data, since the classification errors are the smallest at a given
manifold dimension (30 or 50 depending on image size), and then they increase again. How-
ever, the pattern is not sufficiently clear-cut and the difference in errors not large enough

to draw definite conclusions before further investigations are carried out.
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Image size
Dim. 16 32 64 128
full 35.9 11.7 2.0 0
3 33.6 13.3 7.0 0
5 36.7 6.3 3.9 0
10 36.3 6.6 1.2 0
20 50.0 10.9 2.7 0
30 60.2 15.2 4.3 0.4
50 87.1 47.7 14.8 5.9
70 88.7 65.6 33.2 18.0

Table 4.2: The Mallows distance classification errors (%) on MeasTex database for manifold
projections

For comparison with the approximate Bayes rule, Table 4.2 reports classification errors ob-
tained from applying Mallows distance to the projected data. In this context we cannot
think of it as a distance on distributions, since the projected vectors are no longer distribu-
tion estimates. However, since we computed it as the sum of Euclidean distances between
vectors in R"™ representing the empirical filter marginals, we can apply the same measure
to projected vectors in R™. This measure behaves quite differently from the approximate
Bayes rule: the errors drop a little bit for very low dimensions, and then increase sharply,
with the classification rule essentially breaking down at m = 50. This can be explained by
the fact that a union of manifolds is not a manifold, and more importantly, the sum of the
distances on individual manifolds is not necessarily a meaningful number. However, it is
interesting that this works for low dimensions, and it is clear that this process needs to be

better understood.

The same pattern holds when the manifold projection combined with the approximate Bayes
rule and the Mallows distance is applied to the full Brodatz database. Computing the errors

for all dimensions and all image sizes is too expensive, so we demonstrate how the error
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Figure 4.1: The Brodatz database classification errors as a function of manifold dimension.
Dimension 0 corresponds to full unprojected data.

depends on the manifold dimension for one image size, 32 x 32 pixels. The curves in Figure
4.1 show the same trend as we saw on the small database. Note that the error curve for
the Bayes rule once again has its global minimum at m = 50. For the Mallows-based rule,
manifold projections do not work at all. The dotted line on Figure 4.1 shows the lowest
error attainable with a similarity measure from the benchmarking study [76] described in
Chapter 3. The best projection result wins over this lowest error by about 3%, even though

the latter is optimized over 10 similarity measures and many other tuning parameters.

Our main goal here was to illustrate the link between nearest neighbors methods and dis-
tances on manifolds for data concentrating on a low-dimensional manifold. It is not known

at this point how to determine whether a given set of data does in fact concentrate on or
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near a manifold, and how to find the dimension of this manifold. However, it is still a useful
empirical technique, and we have seen that it can lower texture classification errors when

applied to filter marginals.

4.2 Reducing the Number of Parameters: The Independence

Assumption

In this section, we investigate the features independence assumption made in order to derive
the approximate Bayes rule in Chapter 3. It is well known that when the number of features
is large relative to the number of observations, it is more beneficial to assume independence
of features than to attempt to estimate the full covariance structure. However, quantifying
this claim analytically is surprisingly difficult, although there exists a substantial literature
on the subject (reviewed below). Following common practice, we will study the impact of the
independence assumption in the classical case of discriminating between two multivariate
normal distributions. The qualitative results obtained in this setting frequently hold for

non-normal populations as well [67].

We will consider the case of two classes with p-variate normal distributions Np(p0, %) and
Np(p1,%). We assume the covariance matrices are equal in order to avoid the quadratic
form of the discriminant function and concentrate on the different forms of the estimate of
3. A new observation X is to be assigned to one of these two classes. If ug, 1, and ¥ are
known then the optimal classifier is the Bayes rule:

C(X) = ﬂ{log% > O}

where fo and fi are densities of N, (uo,X) and Np(u1,2), respectively,

JiX) = s exp(— (X — ) B (X — pu))

(27|%))
for i = 0, 1.
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Let A = p1 — po- The Bayes rule can be simplified as follows:

f1(X)
log fo(X)

= 2((X = po)'S7HX — po) — (X — p)'S7HX — 1))
= QX'STA+ upS o — pE )
= X'ST'A - LAy + po)

— AIE—I (X_l'l’l—}_y’o)

So the Bayes classifier can be written as

C(X) =1 {A'z—l (X A ;“0) > 0} (4.1)

In reality, po,p1, and X are rarely known, and need to be estimated from the training
data. Here we will concentrate on two different ways of estimating . Suppose we have
observations X%O), . 7(2%) from class 0 and Xg), . 7(L11) from class 1. Since we assumed
common variance for the two classes, the natural estimator for ¥ is the pooled sample
variance-covariance matrix (it is also the MLE). Furthermore, we will for simplicity assume
o and p1 known, since we are interested in comparing different estimates of ¥ while pg

and p1 will always be estimated with sample means. Also note that the mean estimates are

independent of the variance estimate. With pg, 41 known, the pooled estimate of 3 is

~ 1 "0 ni
Y= E Z(Xi(()) - ,UO)(Xi(O) — o) + Z(Xi(l) — u1)(Xi(1) —w)'| (4.2)
i=1 i=1

where n = ng + n1 is the total number of observations used to estimate . The estimate )y

is in general a full p X p variance-covariance matrix.

An alternative way to estimate Y is to assume independence of the p components of the

multivariate Gaussian and therefore a diagonal . In this case, the estimator is
D = diag(%) (4.3)
where the diagonal elements are the same as in 3, and all off-diagonal entries are 0.

These two estimates of 3 lead to two different plug-in versions of the Bayes rule: plug in 3

for ¥ in (4.1) to get

Rule 1

Ci(X)=1 {A’i)‘l (X - w> > 0} (4.4)
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and plug in D for ¥ in (4.1) to get

Rule 2

Oo(X) =1 {A'D—l (X e ;r“(’) > 0} (4.5)

It is intuitively clear that if in fact the components are not independent, and the sample size
is large enough to estimate the full 3 accurately, it is better to use Rule 1. However, using

~ . . . . 3. p(p+1
D requires estimating just p parameters, whereas ¥ involves %

free parameters, so it
is possible that when the samples are not very large compared to p, one may benefit from
using a simpler estimate with fewer parameters, and Rule 2 will be better. This intuitive

claim will be quantified and proved below.

4.2.1 The Case of Known Variance

Let us start from the rather trivial case when the true value of % is known. Not surprisingly,
in this case ¥ always wins over D = diag(X), unless the two are equal. This follows from
the optimality of the Bayes rule under the true model, but it is instructive to go through
the explicit proof of the error inequality, since the steps involve many calculations that will

be necessary to compare Rules 1 and 2 when the matrices need to be estimated.

First we write down the probability of misclassification for Rule 1, specifically the probability

of assigning an observation X of class 0 to class 1 (the other error is the same by symmetry):
e1 = By (A'z—l(x - W) > 0) = Py (A'STHX — o) > SA'S1A)

Note that A’S~1(X — pg) is a univariate normal with mean 0 and variance

A'SIBY 1A = A’ YA, Therefore the error of Rule 1 is
eg=1-— @(%\/A'Z*A) = @(%\/A'ZAA) ,

where @ is the cumulative distribution function of a standard normal, and ®(-) = 1 — ®(-).
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Similarly, for Rule 2 the probability of misclassification is

e2 = Py (A'Dl(x—“l;’“")>o)

= Py(A'D7(X — po) > SA'D7IA)

()
2WA'D-ISDTA)

In order to compare these two errors, we will need the following result:

Lemma 4.1 Let () be any positive definite symmetric p X p matrix. For any vector v,
(v'v)? S 4aA
(W'Qu)(' Q) — (a+A)?

where @ is the smallest eigenvalue of @), and A is the largest.

Proof of Lemma 4.1. The second inequality is known as Kantorovich inequality, quoted

here from [58]. To establish the first part, note that one can take ||[v]|? = v'v = 1 without

loss of generality, and let

Q=RAR.

where A = diag(A1,...,)p) is a diagonal matrix, and R is orthogonal. Then the numerator

of the ratio becomes 1, and the denominator is

(v'R'ARv)(v'R'A™  Rv) = (u'Au)(u' A~ ) (Zu2/\) (iuf/&) .
i=1

Since u? >0, YP ,u? = ||lu||> = v'R'Rv = 1, the last expression is always > 1 by Jensen’s

inequality. O
With this result, it is easy to establish our next lemma.
Lemma 4.2 When ¥ and D are known, Rule 1 has the smaller error

e1 < e

and equality holds if and only if ¥ = D.

Proof of Lemma 4.2. Let
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be the correlation matrix, and let
Ag=DIA

be the standardized vector of mean differences. Since ® is a monotone decreasing function,

e1 < eg whenever the ratio

(A'D7LA)?
T = < 1 .
(A'D-1XD-IA)(A'R-1A) =

Note that ¥ ! = D_%ZEID_%, and rewrite the ratio as

(A5A)? _ (A5Ag)?
(AhSoAg)(A'D72551D72A)  (A)Z0A0) (A58 Ao) |

r =

By Lemma, 4.1, % < r <1, and the inequality is proved.

If ¥ = D, r =1 is obvious. If r = 1, the condition of equality for Jensen’s implies that all
eigenvalues of the correlation matrix ¥y are equal to 1, and therefore ¥y = I, and ¥ = D.

O

4.2.2 The Worst Case Comparison of Variance Estimates

When ¥ is unknown and estimated by 3 or f), the classification errors of Rules 1 and 2

depend on the training data. Conditional on 3, they are expressed as before,

and

L A'D-IA
62:(1) — — .
2V A'D-1D-1A

The distributions of these classification errors become very complex, and even computing
their expected values in a tractable form is quite difficult. A good review of the efforts in
this direction can be found in [67]. Rule 1 is asymptotically optimal for the problem of
classifying into two normal populations with common variance-covariance matrix 3, so as
the learning sample size n — co, Fé; — e1, the Bayes error. Exact formulae for Fé; were
obtained in 1960s by Sitgreaves [92] in terms of infinite sums of gamma-functions, but they

are incomputable. Asymptotic expansions and approximations have been obtained by [70],
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[9], and [80], among others, but their accuracy was unclear and computations were still very
cumbersome. To the best of our knowledge, the behavior of é2, the error of the rule based

on the assumption of independence, has only been investigated by simulations [80].

Traditional multivariate analysis is usually based on the assumption that the number of
features p is fixed and small relative to the size of the learning sample n. For small to
moderate p and n, Raudys and Pikelis [80] computed empirically the ratios of the expected
misclassification errors to their limit when the size of the learning sample n — oo, which
they called the learning quantity of the rule, for both classification rules. Their tables and
plots confirm that Rule 1 requires a lower value of p/n than Rule 2 in order to achieve
the same learning quantity. However, the formulae they used for these calculations are so

complicated that no analytical insight is possible.

In modern data, the number of variables p is frequently large, both in absolute terms and
relative to the number of observations n. As Johnstone [49] points out, in these cases it
may be more appropriate to study the asymptotics when p and n both go to infinity, and
p/n does not go to 0, and in fact recent advances in random matrix theory may make this
case easier to analyze than the case of fixed p. This particularly applies to the study of
eigenvalues of Wishart matrices with parameters p and n, which will be key to our analysis

below.

Following this approach, we will consider the asymptotic behavior of Rules 1 and 2 when
p — 00, n — 0o, and p/n — v € (0,1). Instead of calculating the expected misclassification
errors, which seem to require very cumbersome computations, we consider the worst case

scenario: what is the largest error one can make with these two rules when p is large?

The worst case analysis for Rule 1

Recall that when we plug 3 into the Bayes classifier, we obtain Rule 1
Ci(X) = L{A'S (X — po) > sA'STIA}

and, conditional on 3, the probability of misclassification is

. . . - A'SIA
é1 = P0<A'2_1(X—u0) > %A’Z‘1A|Z}) = @( ) :

2V AS1IENS 1A
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The first step is to normalize 3 so that its expectation becomes the identity: let

N
N[

S=x"28%7 72,

Note that 377 is always well-defined, since X is a symmetric positive definite matrix.

Now if we let

u = EiéA,

the expression for the error becomes

. — ( A'SIA ) - ( 'S )
61 == (I) = — e @ —
2V A'YIYY-1IA 2V 'S~y

Note that the argument of ® scales like ||u/|2 and so if we do not put some restrictions on

u, the error can always be made to go to 0.
The natural assumption to make is
wu = A'STTA = (p1—po)'S H(p —po) = 1.

Note that (u1 — po)' S (1 — po) is the Mahalonobis distance between the two classes,
which in a sense determines the difficulty of the classification problem. So it is natural to

compare the performance of the rules while keeping the difficulty of the problem fixed.
Since ® is a decreasing function, computing the worst case conditional error requires eval-
uating
min —— .
[lull2=1 u/S_Qu
Now we diagonalize the inverse of S. Let

§71=Q'AQ,

where A is a diagonal matrix with eigenvalues of S~1 on the diagonal, and @) is an orthogonal

matrix. Let Ay < Xg <.+ < X, be the eigenvalues of S~1. Then we can write

uw'S™tu Zle ;N

= min

min @ ———
llull2=1 /41 §=2y ozl (3P @ir?)

(4.6)

=
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The easiest bound is

I M Doy @i <

o T (Se) N

= A.

However, there are no values of the weights «; that actually achieve this bound, since it

would require both a; and o equal to 1.

The direct computation of the minimum is not trivial, but we can certainly say that

P Y. _
min —Ei:l i - < min a/\21 +0 a))\p T
S50 (S a0)t  0SeSt (X (1- a)R)l

because in the right-hand side we are minimizing the same function over the smaller set

alzoa apzoa a2:"':ap71205 Zz()tz:].

Now we just need to minimize a function of one variable

a+(1—a)X _ a(l—X)+ A

fla) = I T -
) (a+(1-a)3)z  (afl -X)+A?))2

Note that f(0) = f(1) =1 and

o) = (1 =) (a1l =A%)+ \?) - %(1 —A)(a(l = X))+ X)
B (a(l = X2) + 22)3 '

Setting the numerator equal to 0, we get

(1= (a(l+X) =X = 0.

First consider the special case A = 1. It implies that all eigenvalues of S are equal, S =cI ,
and ¥ = ¢¥. Since we know that EY = Y., ¢ must be equal to 1, and that means the
estimate 3 is exactly equal to 3. In this case the error of Rule 1 will be less than that of

Rule 2, but the probability of the event A = 1 will be shown to be 0 (see below).

Assuming \ = :\\—f > 1, the minimum is achieved at a = /\%_1, and the bound is

A 2) 2V A
() - ety - 24 <
A+1 A+1)2(A+ A2)z A+1
Now we need to consider the asymptotic behavior of A. Note that
Anax(57) _ Amax(5)
o

A = =
>\rnin (

1) Amin(g)
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since the smallest eigenvalue of 51 is the reciprocal of the largest eigenvalue of S, and vice

versa.

Note that n9 is a Wishart matrix. The Wishart distribution W(%,p,n) is defined as the
distribution of X’ X, where X is an n X p matrix with each row drawn independently from
p-variate normal with mean (0 and variance-covariance matrix X. In other words, it is
the distribution of n times the sample covariance matrix of a multivariate normal sample.
It is easy to see that if 3 has distribution W (%, p,n), then S = Y~33% "> has Wishart
distribution W (I, p,n), where I is the p X p identity matrix.

Properties of the Wishart distribution have been studied extensively. For moments and
properties of the discriminant function coefficients, a good reference is Das Gupta [21]. The
joint distribution of eigenvalues for the case of fixed p and large n was obtained by Anderson
[2]. For the case p/n — 7 > 0, results on the joint distribution of eigenvalues can be found
in Maréenko and Pastur [64] and Wachter [99]. For our purposes, however, we only need to
consider the asymptotic behavior of the ratio of the largest eigenvalue to the smallest, A,
when p — 0o, n — oo and % — 7 € (0,1). Note that for v > 1 the matrix S is not of full

A

rank and Apin(S) = 0, and the ratio A = oco.

The distribution of the maximum eigenvalue was studied by Johnstone [49]. All we need

here, however, is an earlier result by Geman [36], who showed that

Amax(8) = (1+7)? as.

For the minimum eigenvalue Silverstein [90] showed that

Amin(S) = (1 —7)? as.
Therefore .
Amax(8) |, (L+v7)*
Amin(g) (1 - \/’7)2 .

Plugging this expression for A into the two bounds on the minimum (4.6) that we have,

1 gt 2V
= < min 42 Y% < VA , (4.7)
A lull=1 /4§24 A+1

we obtain the bounds on the worst case error

é(w) > g > é(i) . (4.8)

2(1+ ,/7)? 2(1+7)
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When p is close to n, v gets close to 1, and both bounds go to 0. We conclude that as

p — o0, n — o0, and v — 1, the worst case error for Rule 1
erd - (0) =

1
2

which is no better than random guessing. This also holds if p > 7, since in that case
A = o0o. In the classical case p/n — 0, plugging v = 0 into the inequality (4.8) simply gives
the asymptotic error of the Bayes rule ®(1/2), as it should.

The worst case analysis for Rule 2

Recall that Rule 2 is obtained by plugging D into the Bayes classifier,
Co(X) = 1{A'DHX — o) > SA'D'A}
with misclassification probability (conditional on D)
& = @( A'Aﬁ_lAA ) .
2V A'D-IED-1A

Recall that we let © = ¥™2A and restricted ||lu||2 to be 1. If we let

Dy=%"2Dx"3,
the expression to minimize becomes
min WD0w L T
W=t fwbg?u 2 (0 eid?)?
where \;s are now the eigenvalues of Dy

This expression is exactly the same as (4.6), so we have the same bounds (4.7) on the

minimum as a function of . Again, we need to investigate the behavior of the ratio

In this case the matrix Dy is no longer Wishart. However, the distribution of Dis tractable,

since it is a diagonal matrix with sample variances of the individual components on the



82

diagonal. To get an upper bound on A, we express an upper bound on Apax(Do) and a

lower bound on Amin(Dp) in terms of the eigenvalues of D.

~ - _la 1 _1 A 1 Amax (D
Sl D0) = [Dolly = 57405 e < 2l Dals-Hl = 3200
. 1 1 1 Amin (D)
Amin(Do) = ATy 3D-1y3 = Tl D-1 AT ((E) '
Mwc(D5)  EEDTIEE ], T SR D S

First we deal with the random term containing D. We can write

A~

D=D

D=

TD3 |

(M

where D = diag(X) is the diagonal matrix of true variances. With this normalization, 7
becomes a diagonal matrix whose elements have identical distribution x2(n)/n. By the

same norm inequality,

A~ 1 ~ 1 -~
Amax(D) < [ID ]2 T2 ID?]l2 = opmaxAmax(T) ,

A 1 9 -
/\min(D) UminAHliIl(T) :

_1 - _1 -
D=2l [T~ M2 [ID™2 |2

For large n, we can approximate the x? distribution of diagonal elements #; of T by the
normal approximation A(n,2n) = N(1,2). The maximal eigenvalue of T is just the
largest #;, the maximum of p identically distributed approximately normal variables. The
variables are not independent, but to get an upper bound on the maximum the following
simple inequality is sufficient:

p
P(lrgzag(pti > 1+6) = P(LJl{ti >1+¢})
1=

P
< ZP(fi>1+6) = pP(t;>1+¢) =~ p@(—) .
= v2

For large =, we can use an approximation for ®(z) from [31]

®(x) ~ ! e w12

Varzx ’

so the bound becomes

A() =t ()
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lo
which goes to 0 as long as 08P, 0, and definitely in the case we are considering,
n

P — v €(0,1). Moreover, in this case we also have

gjlp(n) o (- ) <,

so by Borel-Cantelli lemma we can conclude

max t; < 1 a.s.
1<i<p

Similarly, we can get a lower bound on the minimum

P( min #; < 1+e) < pP(t <1—¢) = pd (—)
1<i<p

— 0. Therefore we also have

1
which is summable as long as 08P
n

min %; > 1 a.s.
1<i<p

These two bounds imply that all #; — 1 a.s., and

max

Arnin(ﬁ) N U?nin Amin(T) Ur2nin

Amax(D) _ Omax Amax(T) o

Therefore the ratio A is bounded by

Amax(b) A1'na‘x(X3) 0'2 /\maX(E)
/\min(ﬁ) Amin(z) Jgnin Amin(z) ’

A<

IA
=)
)
<

and o2 . , it will be convenient to further separate this bound

. . 2
Since X itself depends on o i

max
1 1
into a variances term and a term depending on the correlation matrix g = D 2X D" 2 only.
By same norm argument

L 1
Amax(Z) < D22 IZoll2 [ID2l2 = ommaxAmax(Zo)

— max

1
Amin(Z) > = 02 Amin(Z0)
o ID 2[5 |[So Mo ID 2y

so we have the final bound
04 )\max(z())

o 0'4 Amin(EO) .

(4.9)
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Note that all the norm inequalities can achieve equality, so this bound on A is attainable.

Since we have .
. u'Dy u
min

—— >
W= fo By 2

the bound on A must be finite in order to bound the minimum away from 0. Note that this

>| =

bound does not depend on v, the limit of the ratio p/n. It is determined by the structure
of ¥, and since we let p — 00, we have to make some assumptions about the way 3 changes
as it grows. We already made the assumption A’S"'A = 1. If we also assume that the
ratio of the variances remains bounded for all p,

02

Tmax < pe (4.10)

2 =
T min

and the correlation matrix does not become ill-conditioned, i.e., for all p

Amax (EO)

< K 411
Do (Do) = K2 (4.11)

then we have

= 1
smax _ G 1 _ smax .
€y <2K1 %, ) < €]

So we see that Rule 2 does not get as bad as Rule 1, and the closer ¥ is to the identity,

[\

the better it is to use Rule 2. And as one would expect, in the ideal case X = I this bound

becomes ®(1/2), the expected error of the optimal Bayes rule.

Rule 2 also does better than Rule 1 in the case p > n. Whenever p > n, the sample

covariance matrix 3 is not of full rank, and the smallest eigenvalue of 3 is 0. Then the

ratio A = oo for Rule 1, and we still have é"** = % However, all we need for the bound on
lo
Rule 2 is 08P — 0, which is quite a generous assumption on the rate of growth of p. One
n

0
would expect 98P 4 be small for many real high-dimensional datasets.
n

Next we consider two specific examples of correlation matrices to illustrate the above bound.
In the first example the correlation matrix remains well-conditioned as p grows, and in the

second example it does not.

Example 4.1. Since we are interested in what happens as the p components become more

or less dependent, one reasonable structure to investigate is autoregressive-type dependence
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of the components. Let the correlation matrix

1 p P P!
1 —2
Sy = p P
i pp—l pp—2 e p 1 |

In other words, Xy = [p;;] = pl* 7! for some p € (0,1). This means the nearby components
are dependent, but the dependence dies off exponentially as components become more
separated. Since p;; depends only on the distance |i — j|, ¥y is a Toeplitz matrix, and
their eigenvalues have been studied extensively. For this particular Toeplitz structure, it is

known [39] that
Amin:f(ﬂ'"i_ﬂ-—l_ep) ; >‘Ina.X:f<7T+7T+6p> )

p+1 p+1

where
_ 1=p
" 1—2pcosz +p?’

f(=z)

and g, — 0 as p — 0. So we have

Amax(So) _ L= 2pcos(m+ 5p) 407 1429407 _ (1—I—p)2

Amin(Z0)  1-—2pcos (ﬂ) + p? 1—2p+ p? 1—p

p+1
as p — o0.

The bound on A becomes

2
\ < Omax (14
f— 1 _ p -

Note that this bound is attainable. If we also assume that all variances are equal, the

4
O min

bounds on the worst case error for Rule 2 based on the inequality
) 'Sy 2V
< min

<
T ollull=l G2 T AT

Therefore in the case we are interested in, the number of parameters being close to or larger

>| =

imply

than the number of observations, we have

smax

N[
Il
Q
=



p e e
1 0.5 0.5

0.5 0.5 0.46
025 0.5 0.36
0.1 0.5 0.25
0 0.5 0.16
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Table 4.3: Worst case errors in Example 4.1 when p > n.

as long as p < 1.

For perfectly correlated components (p = 1), the worst case errors for Rules 1 and 2 are
both equal to 1/2. However, whenever p < 1 and p > n, Rule 2 wins. Obviously, the smaller
p, the better it is to use Rule 2. And for small p, the gain is substantial (see Table 4.3).
When p < n, the worst case error for Rule 1 depends on vy, the limit of the ratio p/n, as
given by the inequality (4.8). The choice of one rule over the other will depend on the exact

values of v and p, and the errors are very easy to compute and compare.

Example 4.2. Another interesting and very simple correlation structure to consider is
when all components have the same correlation p. Assume again that the variances are

equal and let the correlation matrix

1p p ... p
5, — P p p
L pp - p 1

where p € (0,1).

This is a matrix of form
C=(a—-bI+bJ,

where [ is the identity matrix and J is the matrix of all ones. The determinant of this
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matrix can be computed explicitly [38],
detC = (a — b)P " (a+ (p— 1)b) .
Its characteristic polynomial can be computed in the same way,

pPA)=(1=A=pP (1= A+ (p—1)p),

so the eigenvalues are \{ = --- = Ap—1 =1 —p, A\p =1+ (p — 1)p. In this case the ratio of

the eigenvalues
M _l=ptpr
A1 1—p

as p — oo. Therefore the worst case error of Rule 2 is also 1/2, the same as Rule 1 and

— 0

random guessing.

As we noted before, Rule 2 does better only when the condition number of the correlation
matrix remains bounded as the number of parameters grows. It may be possible to express
this condition as a condition on the stochastic process with the corresponding correlation
matrix, but that is beyond the scope of this work. It may also be possible to check this
condition explicitly for specific correlation structures like the ones in the examples above.
The main point here is that there is a fairly large class of correlation structures for which it
is better to assume independence if the number of parameters is large compared to number

of observations.

4.3 Discussion

We have demonstrated that dimensionality reduction is a useful technique in dealing with
texture, whether it is applied directly or implicitly exploited by the classification rule. The
approximate Bayes rule based on nearest neighbor distances produced similar or better
results when applied to manifold projections of filter marginals, which can be considered
indirect evidence of the low-dimensional nature of the data. The fact that the Mallows-based
similarity measure failed to work on projected marginals is consistent with this hypothesis,
since it does not exploit nearest neighbor distances between individual filters in the same

way as the Bayes rule.
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There are many open questions about manifold projections still to be answered. It is not
clear how to estimate the “true” dimension of the data, neither for texture filter responses
nor in general problems. It is also not clear how one determines whether a given set of
data points comes from a manifold, or when such an assumption is plausible. For textures,
we have described just one way of using manifold projection methods (applying them to
empirical filter marginals); there are many other ways in which the dimension of a texture
image can be reduced. It would be particularly interesting to investigate whether these
methods can help in determining texture scale — the same parameter we need for texture
synthesis and that can be viewed as the true dimension of a texture image. We believe
these methods have potential that should be further explored in other computer vision

applications.

The independence assumption made in the approximate Bayes rule about filter marginals
is another way to implicitly reduce of the size of classification problem. The benefit of this
assumption was theoretically justified by worst case comparison of classification errors under
the normal assumption. Note that this effect does not occur when p/n — 0 (the number of
observations is much larger than the number of variables), which is the traditional setting
of discriminant analysis. Asymptotic analysis in the case p — oo, n — oo, p/n — v > 0
allowed relatively easy derivation of results that would be cumbersome or intractable in
finite sample analysis, and using the worst case errors instead of expected errors has also

simplified the calculations.

The independence assumption analysis was not derived specifically for textures and is ap-
plicable to general classification problems. It can be generalized and improved in a number
of ways: the normal assumption could be relaxed, and a more precise characterization of
situations when one should assume independence could be obtained. One could also extend
it to cases of unknown means and unequal variances. This could be a subject for further
theoretical statistics research; here our goal was to show that the independence assumption

we made is reasonable and even beneficial.
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Appendix A

Properties of the Mallows distance

For the sake of completeness, this appendix lists the properties of the Mallows distance.
Some of these properties appeared earlier in the thesis and others did not. A more detailed
treatment of these properties and examples of their uses can be found in [8]. Unless stated

otherwise, p € [1,00) and all distributions have finite p-th moments.

1. M, is a metric, i.e.,
(i) M,(F,G) =0 if and only if F = G,
(ii) MP(F7 G) = Mp(Ga F)a
(iii) MP(F7 G) S Mp(Fa H) + MP(H7 G)

2. Convolution property: for p = 2

n
M3 (Fy % - % Fo, Gy 5+ % Gr) < > M3 (F}, Gy).
i=1
The * stands for convolution ofcumulative distribution functions, so F} - - - % F}, is the

distribution of the sum of independent random variables with distributions Fy, ..., Fj,.

This property is stronger than the triangular inequality.
3. If F, is a sequence of cumulative distribution functions,
M,(F,,F) =0

if and only if
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(i) F, — F weakly
(i) [llzlPdFn(z) = [ z||PdF (z).
4. If Xy,...,X, are independent observations from a distribution F', and F,, is their

empirical distribution, i.e., Fj,(t) =1/n> 1, 1(X; <), then My(F,, F) — 0.

5. If F and G are distributions on the real line, then

_ ( /0 CE - Gl(t)|pdt> "

The case p = 1 is especially simple because

/ P (#) — G (1)]dt = /Oo \F(t) — G(t)|dt.
0

—00

6. The Mallows distance between empirical distributions of two samples X = {z1,...,z,}

and Y = {y1,...,y,} in R% can be computed as

1/p
Mp(X,Y)=<— min lexz yazllp)

n .]17 a.]n -

where the minimum is taken over all possible permutations of {1,...,n}. This opti-
mization problem is known as the optimal assignment problem and can be solved by

the Hungarian algorithm [55].

7. If the samples X = {z1,...,2,} and Y = {y1,...,yn} are real-valued, the Mallows

distance between their empirical distributions is computed as the distance between

n I/P
1
My(X,Y) = (ﬁ Z |z () — y(z’)|p> .
i=1

their quantile vectors,
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